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1 Lecture 1: The additive Gaussian noise channel

Let Py be a (Borel) probability distribution on R™ with finite second moment. Consider a “signal”
vector x ~ FPy. We observe a noisy version of x given by

y:\F)\x—i-z,

where z ~ N(0,I) independent of x and A > 0 is a fixed scalar playing the role of a “signal-to-
noise” ratio (snr). The task is to estimate x from y. We consider the setting where the prior Py
and the snr \ are known. We measure the performance of an estimator z : R™ — R" by its mean
squared error

MSE(Z) := E [|[2(y) — «|)3].
We observe that the MSE is minimized by the Bayes-optimal estimator
7 = Elaly),
and has a corresponding minimal mean squared error
MMSEp, (A) = E [[lz — E[z|y]|3]-
The proof follows from the simple decomposition
MSE(%) = E [|[#(y) — Elz|y] + E[z[y] — /]3]
=E [|z(y) — Elzly]|3] +E [llo — Elz|y)l3] + 2E [@(y) — Elzly)) " (Elzly] — )],

and by noticing that the cross product is zero as a consequence of the tower property of expec-
tations:

E [(Z(y) — Elzly]) " (E[z]y] — 2)] = E[E [(Z(y) — Elz[y]) " (E[z]y] — 2)|y]]
=E [(@(y) — Elzly)) " (Elz]y] — E[zly])] = 0.
It is clear now that in order to understand the MMSE, we need to study the posterior distribution
of x given y. By Bayes’ rule,
ap(aly) = U apya),

where f(y|z) is the conditional density of y given z, which is the multivariate Gaussian N (v/ Az, I);
ie.,

n
™

flyle) = ﬂi o—lly—VRal/2,



Therefore the posterior measure reads (after expanding the square and simplifying constant terms)

oV Ay Tz Az])3/2

) =)

P(](l'),

where

Z(y; N\) = /eﬁyTx—/\llacIS/deo(x)

is the normalizing constant, so that P(:|y) is a probability measure. Borrowing language from
statistical physics, the posterior measure P(+|y) is called a Boltzmann, or Gibbs distribution, Z is
called the partition function, and h(x) = h(x;y,\) = VyTz — A|z|3/2 is called the Hamiltonian
function. The expected log-partition function

F(A) =Elog Z(y; \)

is called the free energy, and will be an important object as it encapsulates precious information
about the behavior of P(+|y).

I-MMSE relation. The mutual information between two random variables (z,y) is defined as
I(.’E,y) — dKL(Pz,y H PLL’ X _Py)7

where P, , is the joint distribution of x and y, and P, and P, are the respective marginals, ds,
is the Kullback-Liebler divergence between probability distributions. (Observe that the mutual
information is symmetric in its arguments.)

When y is obtained from x according to the additive Gaussian noise channel as above, there
is a simple relationship between the mutual information and the the free energy:

Lemma 1.

I(e,) = S E[l2]3] ~ ().

Proof. By the Bayes rule,

dP,
I(x,y) = Elog ﬁ(%y)
x y

dP
= Elog diPO(My)
exp (VAy 'z — A|z[|3/2)

e Z(i )
= VAE[ 4] - S E Jal3] - FOV)
= 2E[l2]3] - (3.

O]

The I-MMSE relation is a statement about the derivative of I(z,y) (or equivalently, F') with
respect to A, which as the name indicates, relates it to the MMSE:



Proposition 2. For all A > 0,

d 1
—1 = —MMSEp, ().
Equivalently,

F) = 3 [IEllyl3).

The proof relies on Gaussian integration by parts (a defining property of the Gaussian distri-
bution) which we state below:

Lemma 3. Let z ~ N(0,1) and f : R — R be a differentiable function such that |f(z)|e=""/2 = 0
as |x| — oo. Then

E[zf(2)] = E[f'(2)].

The proof of this lemma is an exercise in integration by parts.
We can now prove the I-MMSE relation:

Proof of Proposition 2. Let us write y = v/Azo + z where z ~ Py is the signal vector. (We are
writing xg so we can distinguish it from the ‘dummy’ variable x which appears in the integral
below.) We have

Fl(\) = d)\Elog/ VATorda] a=Alel3/2q B, ()

=g | (Gyz=e+ 0o gllelB) " an)

We pay special attention to the first term in the above expression. By Gaussian integration by
parts, we have

E [ZT/:EF}H(I dPy(x)/Z(y; )] = ilE [i< xieﬁsz""\g’OTm_)‘Hz”%/QdPo(x)/Z(y; )\))}

1
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; [irwrmyﬂ—mwmiyu]
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[E
E [llz]2] - E[HE[wa]HQJ-

Plugging this back in the expression of F’, we obtain

F') = 3 [I] ~ 5 E [ Ble|3]]12) +E [« Efw ]3] ~ 5 E [Ial3
= SE[|E= ),

where the last equality follows again from the tower property of conditional expectations: | [mg E[m|y]} =

E [Elzoly] E[z]y]] = E [H E[x|y]”§} The statement about the mutual information follows from
the relation between I and F', Lemma 1. O

Using the same kind of computations, we can also compute the second derivative of F' and
find

1
F'(\) = 5 E [||cov(zly)|7], (1)
where cov(x|y) is the covariance matrix of = conditional on y. We leave this computation as an

exercise!
A few key properties of F' follow from the above computations:



Proposition 4.
1. F is nondecreasing.
2. F 1is nonnegative.
3. F' is convez.

The first and last statements follow from the formulas for the derivatives. the second statement
follows from the first one together with F'(0) = 0.



2 Lecture 2:

2.1 The Gaussian prior is the hardest of all

We consider the case of a normal prior in one dimension: Py = N(0,1). We compute the free
energy, the mutual information and the MMSE. We have

F()\) =Elog (/eﬁyx’\IQ/Qex2/2d§W)

= Elog ( e/\yQ/(2(l+>\)))

A
C2(1+N)

1

VIFA
1

E[y?] — 3 log(1+ \)

A1
=———log(l+ A
5 5 log(l+2),
and therefore, using Lemma 1,
1
I(z,y) = 5 log(1+ A).
The posterior mean E[z|y] is the orthogonal projection of  onto y:

Elzy] VA

]E = =
and the MMSE is /X
A2 1

Now let’s consider a general prior Py with unit second moment over R. We can upper bound

the MMSE by considering the estimator Z(y) = HL/\/\y, which is not equal to E[x|y| is general. So
via the same calculation as above, we have the upper bound

N 1
MMSEp, (A) < MSE(Z) = o MMSE y(0,1)(A)-

We conclude that among all distributions with unit second moment, the Gaussian
N(0,1) maximizes the minimal mean squared error.

Remark 1. Notice that by rescaling A, the condition of unit second moment can be replaced by a

fized second moment o2, in which case the Gaussian N(0,02) is the one mazimizing the MMSE.

A similar extremality result can be proved for the mutual information: Using the -MMSE
relation, we have

1 A
) = 1@ )pco = 5 [ MMSER(r)dr.

At A = 0, z and y are independent, so I(z,y)x—9 = 0. Moreover, we obtained that MMSEp, (\) <

1
e Therefore,

-2 147
We have just computed the channel capacity of the the additive Gaussian channel, i.e., the
maximal mutual information of this channel over priors of a given variance: among priors of
unit second moment, the mutual information of the additive (Gaussian channel is
maximized by the Gaussian distribution. This is called the Shannon-Hartley theorem in
information theory.

1 (1 1
I(a:,y)</ d7-:§log(1+)\).
0



2.2 A simple Gaussian mean estimation problem

We consider another special case of the additive Gaussian channel, this time in high dimension.
And this will be our first encounter with a phase transition. Consider a random integer g

uniformly drawn from the set {1,---,2"}, and the random vector y defined by
y=Vaines + 2,
where (eq,--- ,ean)is the standard basis of R?" and z is a standard Gaussian vector in R%".

In words, one observes a Gaussian vector in high dimension, where the mean of an unknown
coordinate is elevated by an amount of v/An. The task is to identify this special coordinate, i.e.,
to estimate oyg.

First, a natural estimator to consider here is the Mazimum Likelihood Estimator (MLE),
which in this case is

0 = arg max ;.
1<i<on

Since the maximum of 2" independent standard normal variables concentrates very tightly around
V/2log(2") = /(2log2)n, we see that the MLE estimator recovers oy with high probability if
A > 2log 2. Now the question is whether estimation is still possible below 2log 2. To answer this,
we will compute the free energy, which reads

F,(\) =Elog (2_" i eVn "_’\"/2>.

o=1

Theorem 5. We have for all A > 0,

. F,(\) {0 if A < 2log?2,
lim =

n—oo N % —log2 otherwise.

Proof. Let f. be the function on the right-hand side of the above formula. We will prove matching
upper and lower bounds on F,,. Let’s start with the upper bound, which relies on Jensen’s
inequality conditioned on the random variables oy and z,:

F,(\) <Elog (IE [27" i e\/myo#\nﬂ‘ao? ZUOD
o=1

=Elog ( M2 —1)+ 27" szO+An/2)
§E10g< + exp (\/7200 ( —log2)n ))

We see that the dominant term inside the exponential is (5 — log 2)n. Indeed, we can further
bound the above expression as

Elog (1 + exp (\/Ezgo —log2) n> 1{z,, <0}

+ Elog (e—mzao + exp ( — —log2)n )1{200 >0} + VAnRE [zgol{zgo > 0}]

A | An
< Elog <1+exp ((5—103;2 -

Therefore we obtain the upper bound

lim supM < fae(N).

n—00 n



A matching lower bound can be obtained by only considering the term corresponding to o = oy
in the expression of the free energy:

F,(\) > Elog <2_”emy”0_)‘”/2>

A
— (21 2) .
<2 0g2|n
Since Fj,(\) is also nonnegative, the matching lower bound follows. O

Now we deduce from the above theorem the impossibility of estimation for A < 2log2. Let

on
Qn()‘) =E [H E[\/ﬁea‘ymg] = HZE [P(U = Z|y)2]
=1

It follows from the -MMSE relation that

A
1/ On(7) 4 _ N if A < 2log 2.
2 Jo n

n

Since @, is nonnegative it follows that lim, -, @, (X)/n = 0 for almost all A € [0, 21log 2]. Further
since A — Qp(A) is non-decreasing, then lim,, oo @n(A)/n = 0 for all X € [0,21log2]. We deduce
that the (rescaled) MMSE is maximal, i.e., it is asymptotically equal to the error of a “dummy”
estimator which return the mean vector Eley,] = 271 without looking at the data y:

lim
n—oo

MMSE, (%) =1 for all A <2log2.
n

The value of conditioning... What if we did not condition on o¢ and z,, when we used
Jensen’s inequality to upper bound F,,(\)? We would have gotten

Fa(N)

1
<71 2—1’L 2%71 2—7’L An
= Og( ( )+ € )’

and the upper bound would tend to zero only up to A = log 2 instead of 2log 2, and would lead
to a loose upper bound above A = log2. The explanation of this rather generic phenomenon is
that the fluctuations of z,, do not affect the typical value of the partition function Z(y;A) by
more than a factor €2V but they have an outsize influence on its expectation E[Z(y; \)] with
an effect of order e®(™, as can be seen from the above computations. An other way of seeing this
as follows: Consider the event

E. ={z,, >/}, 7>0.

This event is extremely unlikely: P(E;) ~ e~™/2. However, conditional on E, the value of Z is
atypically large:
Z(y; \) > 9 neVATnHAn/2 4 g-n Z eVnzo—n/2,
oF00
Therefore,
E[Z(y; \)] > E[Z|E, ] P(E,) ~ "f+Nen(VAiT=7/2),

So for 7 < 4, the event E, alone contributes an order of ¢®™ to the expectation of Z compared
to its typical value which is e™f+(M)+o(n),



3 Lecture 3:

3.1 The rank-one spiked Wigner model

Let x € R™ with coordinates z; drawn i.i.d. from a prior Py with zero mean and unit variance.
We consider the observation model

A
Yij:\/;xixj+Wij, 1<i1<y<n.

where W;; ~ N(0,1) independently for i < j. The posterior measure is

1 A A
dP(z|Y) = —— (E \[Y...._22.)dpn ,
)= 7w &P Lo\ T g T 0 (@)
and the associated free energy is

F,(\) = Elog Z,(Y; \) = Elog / eHn@apr (),

where Hy,(z) = Hy(z; Y, \) = \/%Y;ja:ixj - %xfw? is the Hamiltonian.
We will be interested in computing the asymptotic behavior of the free energy. The limit
F,(X)/n has been computed, first heuristically in the statistical physics literature, and then it

was rigorously proved by various authors. It takes the following “replica-symmetric” form:

Theorem 6. Assume that Py has bounded support. Then for all X > 0,

lim Fn(A) = sup {w()\q) — 2412}:

n—oo n qZO

where (1) is the free energy associated to the scalar Gaussian channel y = \/rxy + z, where
xg ~ Py and z ~ N(0,1) independently. In other words,

P(r) = Elog/eﬁZ$+T$$0_r$2/2dP0(z).

3.2 Heuristic derivation

It is instructive to first derive the formula on heuristic grounds, but with an argument which has
a chance of being made rigorous. We choose to do this via a variant of the cavity method. The
first idea is that is suffices to compute the limit of the difference Fj,11(\) — F,,(\). (Indeed, if a
sequence of real numbers (a,) converges to a limit ¢, then its running average (L Y% | a;) will
also converge to £.)

Let’s consider an experiment where independent random variables zg; ~ Py, 1 <1 <n-+1

and Wi; ~ N(0,1), 1 <i < j <n+ 1 have been drawn in advance. The observation model in
n dimensions is Ylgn) = \/gﬂfomoj' + W;j, for 1 < ¢ < j < n, and the model in n + 1 dimensions
is Yignﬂ) = 1/7%_1:%@‘930]- + Wij, for 1 <@ < j < n+ 1. Crucially, the two matrices share the
same realizations of (zo;)i; and (Wij)i<<j<n. We will write z = ()], € R" and 2,41 = ¢,



Zon+1 = €0- The free energy difference can be written as

Zn+1()‘)
Foi1(\) — F,(A\) = Elog ———=~
()~ F(3) = Elog “2HS
_ log (L 2AREIAR o)
J e @ d Py (x)
g (L IARAR o) ) [ ePredpy(e)dry b))
feHnJrl(f” dPy(e)dPj (x) J e @ d Py (x)
A B
=Elog A+ Elog B,
where
A (n A
Hy,(x):= Z Zg )aczxj - 2—1‘12.”5?
1<i<j<n "
A A
= 1<;<n EWZ-jxixj + TG L0IT0j — %xfa:?,
A (n+1 A 2.2
Hn+1($7€) = iLj — o~ T;X
1<z<jz<n+1 n+ 1 2(n+1)
Z \| ——Wijxiz; ZL‘IL"l’o'IL‘o'—# 22
1<z<]<n n+1 S CITE2(n+ 1) it
A A A
\| 7 Winms1%ie + ——xito; .
+; nr 1V 11T5€ + n+1$ ZTi€EQ 2(n+1)$’€ ,
and
~ A A A
Hyi1(z,e) == Z \/;Wijxixj + ﬁ:cixjxm:cgj — %x?xf

1<i<j<n
n
A A A 9o
+ E —Wint1wie + —x;T0i€€0 — ——x;E”.
— Vn n 2n
1=

Notice that the only difference between H,; and FInH is the way A is normalized. Let
An = A1+ 1), Then
EIOgA = Fn—&-l()‘) - Fn—i—l()‘n)'

We perform a Taylor expansion to first order in A to obtain
A
Elog A= F), 1 (A) - (A=) +0,(1) = —EFAH()\) + on(1).

We stopped at the first order because the second derivative of Fj, 11 is of order n as cam be seen
from Eq. (1), and therefore the expansion error is actually O(1/n). Now it remains to compute



the derivative of F, ;. Using the IMMSE relation (Lemma 1), we have

> E [E[%l’ﬂY("*l)]?}

1<i<j<n+1

:2(n1+1) 2 E[mx]ﬂ

1<i<j<n+1
n+1 1 n+1 9 1 n+1
() )

where 2! and 22 are two random vectors drawn independently from the posterior measure
P(-[Y™1). The brackets in the first term in the above expression is the average with respect
to the product measure P(-|Y"+1)®2 Since we are considering a prior Py of bounded support,
the second term in the above expression is bounded by a constant.

Now, the main unverified assumption we will make is that the normalized overlap Rio =
- +1 Z"H - between two replicas drawn from the posterior measure concentrates around a
determlmstlc Value g > 0. This is referred to as a replica-symmetric (RS) assumption. It follows
from this assumption that

1

1 (A) = m

A 2
_Zq .

Note that we have not used the full strength of the RS assumption, as it would have sufficed to
assume that ]E(R%72> converges to a constant; a much weaker assumption. But the RS assumption

will also be used is a more non trivial way in the computation of E log B, which we now undertake.
We have

Elog A —

[ eflre1 @) Py (e)d PP ()
[ efin@)d Py (x)

LI\ A A
2.2
hni1(x,e) = g \/7Wi,n+1a:i5 + —zz0i€€0 — ——xiE”.
—Vn n 2n
1=

Now the pair (2!, 22) has the same law as (g, z), the RS assumption also implies that the overlap
Riog= % >, xixg concentrates around ¢. So the middle term in by, can be replaced by Ageeo.
Next, consider the Gaussian process

B =

where

Gn(x \FZVVzn-H$27 r € R"™

It acts as a local magnetic field which “fills the cavity left by taking the variable x,,+1 = € out of
system”, hence the name cavity method. This process is independent of Y (™| it is centered and
it has covariance

1 n
E [Gn(x1>Gn(x2)] — ﬁ lel 12 = RLQ.

So under the RS assumption, we should expect that G,(xz) can be replaced by a univariate
Gaussian /qz, where z ~ N(0,1), i.e., the field felt by an is Gaussian with a constant variance.

Hence we can replace the term > \/%I/Vimﬂxie — 2n z2e? by \/Agze — A\ge?/2. (Note that

10



the last term in both expressions acts as a normalization which ensure that the exponential has
expectation one.) From this is deduce that under our RS assumption we have,

Elog B — Elog/e\/’\iq%*"\qago_’\qgﬂdo(e) = (\q).
Putting things together we obtain the limit of the free energy:
A g

lim (V) = lim F,1(A\) — F,(A) =9v(A\q) — =¢°,

n—soo N n—00 4

where the value ¢ is determined by the RS assumption: z'xo/n — ¢ (say, in probability) when
z ~P(|Y™),

11



