
STSCI6940 i Topics in high - dimensional inference .

Lecture 1 Date : o -2109

Interested in signal recovery and detection
in high - dimensional regime 1

high noise regime -

signal : low - dimensional structure
.

( signal Sparke ,
low -

rank
,
-
- ) .

Two points of fours i

Information - theoretic limits ?

( when is este det possible -atall ?) .

Algorithmic aspect i

can we do this efficiently up
to

the IT limit ?

General situation : x E IR
n

noisy channel n

x
- s y e- IR

observe
g and then try to recover x .

A blond of tools : information theory ,

statistical physics , probability th .

computer science ( algorithms ) n

e A toy model : rank
- one spiked Wigner model

(dense model) Y = If . xxt + W
9 A Wen

rank
- one signal noise

.( spiked )



clean theory that emerged in the

last decade
, heavily inspired

by spin glass theory .

( sparse model) stochastic block model 1
reconstruction on trees

.

general
reconstruction on

"graphs i.e . beyond tree
-
like

graphs .

information - percolation bounds
.

• Algorithmic approaches i

1- Spectral methods e RMT )
.

& - Approximate menage pairing .

3
.

variational inference .

4 .
Me tie methods for sampling
Glauber dynamics 1 Langevin dynamics .

•
" Lower bounds ") evidence of hardness :

• low degree likelihood ratio method .

• overlap gap phenomenon .

• For prospects : list in course's webpage .

• Plan i 27 meetings .

• 13 meetings will dfse devoted to
an

exposition of the foundations .

• second half : presentations by students .



pick one or two papers froom the list

by Friday 19 .

Evaluation : i. Homework ( 30% ) .

I. Presentation C 30 %)
-

3
. written report 140%1 .

office hours Wednesdays 3
- 5pm .

Slack channel
.

• Material : Leo dliolane's PhD thesis .

Talagrants 's book ( spin gloves ) .{ research papers .

Lecture t e:

The additive Gaultier channel :
X E IR

"
X N P

, finite second moment .

Y =
I

. X t 3 , z n
Nco , I )

indep of a .

setting where model as known
,
X is lconnowa

,

Po is known .

. I s ith-s IR
"

Mean squared error i

ASE CE ) ie E fell Icy) - x Hi] .

Thun : Best estimator is Icy) = ES - ly ] .

its error is

Mdl SECA , Po) = # [ HEINY] - x MT ) .



Take A any estimator

Bf : E L H E - x 1133 = F- Ill I - EI - 1ST #fxly] - xlk)
= EEN E

- Efx 193115 ] + Ef H Ek 155 - xth
' ]

+diff I - Etty) ) (Efxlg] - x ) ] .

-

⇐ EL EL ( ) ly ] J .

= 0

USE ( E ) x HSE C Ef x ly ]) .

⇒ I = Efxly ] minimizes the MBE .

interesting object i LPC . I y ) ,

Bayes rule i

f- Ly IX ) . I Hope Cx ) 'dip ( x ly ) -

=
-

⇐ ly it) .

f- ( g1 x ) i deueity of y given x ,

y = re -
x t 3 -

y Ix or N ( A x
,
I ) .

f- ( si x ) = ¥.

e
- Ins - rank .

= I et
9¥ - E 11×112 - Ellyn? .

ITT



dpcxly) =

, e
" '" - ¥ " th - E. "skep

.
,×,

⇐-
T Ely , x)

Gibbs 1Boltzmann
era yet. X - I 11×422 dB

. (x)distr
=
-

← ( six ) '

I Cy ,
X) = J e

" TT ' × - ¥ " " "? dpocx ) .

T

partition function .

H ( x ) = of yt. x - Iz 11×115 : Hamiltonian .

Clos- likelihood fat )

⇒ Ef x ly] .

• More generally : f .

.
R
"

→ IR

t feel YA e Ef fcx ) ly J . Gibbs average .

• f- ( x) =
F- log ICS ; t ) i free energy .

•
Mutual information : (# y) jointly deietr ,

- bated .

Ihsix) - I C- i y) = D.kz ( Pay H Px ① Py ) .

DRL ( IP , Q ) = Ep f log ddI④ ] .

• Small computation ;

I Cei y ) = I IED + It] - f Cr) .



IC - iy) = Del ( Px .gl/ R Py ) -

= Ea
.

I lose %¥*÷ , T .

= Ep
. .
flog d¥¥÷2 ] .

-
- ⇐
a.
Leos e"Ej; J .

= E f re yt. x - Iza xd: J - E lozzcy#)
# .

A Ef yt. x ] = X EL 11×1123-1 rx EL 5. xJ F CX)
. -

= o

(g - fix -13 )
I Cgi x) = I # INKY -

F CX) .

.

•
I
-
MUSE relation :

MM SEP
.

Cx) = F- fell x - EIN YIN} ] .

For all X> o : Idf I ( y ; * ) =L MM SEP
.

ex) .

Equivalently : F
-

Cx) = iz E [ HE [ xty 345) .

Proof i terminer @mess- an integration by parts
/ Stein 's lemma ) -

z - N coil) - f in → IR differentiable ,

grows
at most polynomialsy for K) → too



If cell E C l x 1h for some L , c .

E C Sfc z ) J = E f f
-

Cz ) J .

• F (x) = E log J e

" T" - ¥ ""K
dp.ee ) ,

y = rx to +⇒
= * log f I' 5. × + A #× - E ""Rdp

. .

FED
=
F- ftp..gg#zt.x---o.x-Aznxn7)eHWdPoey/

First term :

at E E¥⇒ . 3T. J - e" "'d Po ex ) J .

= at F- FEES
.
.

( Icy
,⇒

S x e
" "
dp.cn TJ .

= E E re .)# If e
Hk)

DP
.
Cx) 1-

Icy a) -

-

r* ( S x e 't d Pok)[ ( f x e't nd pom)
zc /

=L EL ⇐ Lax Ifl s Tf - f E Il Efe 1931123 .

-

-

= I Ef Awf - I Ef H Ef x ly 311J .



f- TX) = I # [11×112] - I Ef fl Efx ly TN
' ]

+ E feet . IEC Hy J J - z E [11×112]
IE feet . F- f x ly ) J =IEfE@T.tEEx1yJlyJf_EfEfx1yJT.Ef x ly ] ]

= Ef 11*-1×193 Hi } .

FTH = I EL 11 A- Ix 19311
'

) .

gag


