Lec 27,28 addendum
Some of the properties I tried to convey, with suggested exercises:

Consider a system of three qubits A, B, C. The entanglements of A with B and A
with C can be characterized by a quantity called the ‘tangle’t, which quantifies the extent
to which A’s entanglement with B limits its entanglement with C', and vice versa. In

particular the tangle satisfies

TAB + TBC < TA(BCO) (1)

(where 74 (pc) measures the entanglement of A with the combined BC' system, as explained
below).

To define the tangle for a two qubit system with density matrix pap (mixed or pure),
we first construct the “spin-flipped” density matrix pap:

PAB = (Uy ® Uy)PzB(Uy ® Uy)

(where p* is the complex conjugate, and ). Although not necessarily hermitian, the oper-
1 =1,2,3,4. Ordering their
square roots A1, Ag, Az, A4 from largest to smallest, the tangle of the density matrix pap is
defined as'f

ator product pappap has real non-negative eigenvalues \?,

TAB = [max{)\l — )\2 — )\3 — /\4, 0}]2 (2)

Some properties:
1) 7ap ranges from 0 to 1, where 745 = 0 means unentangled, and 74p = 1 indicates
maximally entangled.

2) if pap is a pure state, then only Ay > 0 and* 7ap = A} = 4det ps (where ps = trgpap)

Examples from class (see p.4 for details):
a) show PAB — trC|¢GHZ><¢GHZ| has TAB — 0, where |¢GHZ> = %GOOO) + |111>)ABC

b) show pap = [¢11)(¢¥11] has Tap = 1, where |t)11) = %(’OU - ’10>)AB
c¢) more generally calculate T4p for pap = [1) (| with |1)) = ap|00) + aq|11)

T Coffman, Kundu, Wootters (1999), https://arxiv.org/abs/quant-ph/9907047

T The definition is closely related to prior work on “entanglement of formation”, and is
the square of a quantity known in that context as the “concurrence”.

* Start from a general |¢)) = >, ai;;[i)[j), use i(oy)i; = €;; (Where €1 = —€10 = 1, €;; = 0)
satisfying €;j€x = 0051 — 0;0;%, and for a 2x2 matrix A recall €€ A;; A = 2det A.
(See derivation I on p.3)



Suppose now that p4pc describes a pure state of 3 qubits. The formula for the tangle
simplifies since any pair of qubits is entangled with only one other qubit, a two-state system,
and the reduced density matrix of any pair thus has only two non-zero eigenvalues. The
product pappap also has only two non-zero eigenvalues, so from the earlier definition

TaB = (A1 — A2)? = AT + A3 — 2\ h0 = tr(paBpas) — 2M A2 < tr(papas) -
It is straightforward* to write the right hand side above as

tr(pappap) = 2(det pg + det pp — det pc)

where pa, pB, pc are the reduced 1-qubit density matrices. By symmetry in B and C| it
follows that

tr(pappap) +tr(pacpac) = 4det pa

establishing the advertised identity (1):

TAB + TAC < TA(BO)

(where 74(pcy = 4det py, since the ABC system is assumed to be a pure state). The
entanglement of A with the pair BC bounds A’s entanglement with B,C individually, and
the bound on their sum quantifies how any entanglement devoted to B is not available to

C and vice versa.

Comments:

1) the inequality is saturated by states of the form |¢) = «|100) 4+ 3]010) + ~|001)
(Show for this state that Tap = 4|a|?|B|?, Tac = 4|a*|V]?, and Ta(pcoy = 4]a*(|8]°+ 7]?),
by calculating pap, pap, and determining 745 from the eigenvalues of pappap, then by
calculating 74pc) = 4det pa, where py = trgpan.)

2) The generalization to n qubits was proven six years later!

n

> T(para,) < 7(pay(As..n,)
k=2

showing that the entanglement of any qubit with the rest together bounds the sum of its
entanglements with each of the other qubits individually, where the entanglement remains
quantified by the tangle 7 defined in eqn. (2).

* Start from a general [¢) = 3., aujkli)]j)|k), use same relations as in last footnote
previous page (see derivation II on p.3)

¥ Osborne, Verstraete (2005), https://arxiv.org/abs/quant-ph/0502176
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For ease of notation, the derivations below use a standard convention in which repeated
. . * 1 * 'l'
indices are assumed to be summed over, e.g., a;jjag; represents Y g agjag; = (aal).

L. The 2-qubit state [¢)) ap = >, a;;[i)|j), has pure density matrix
paB = ijli) 7) (k[ (£

and reduced density matrix pa = trppap = ayli)(klay; = (aa®)ixli) (K|, so pa = aal.
We calculate tI‘,OABﬁAB = ozijoz,’;eekk/ewa’,;,g,ai/jfei/iej/j using €Epr €ty = 553'/5@/]' — 5€j5€’j’
to give

~ * * * *
SIPABPAB = QUijQ g€k Qs j Q€40 — QUi O s €k Qg s Ol 1 €7

= ekk/ei/i(aaT)ik/(aaT)i/k - ekk/eifi(aaT)ik(aaT)i/k/ = 2detaa’ + 2det aa’ = 4det py

II. The 3 qubit state |¢) = 3, aijmli)|j)|m) has pure density matrix
papo = aijri)|7)[m) (k[ (€] (nlagy, ,

and reduced density matrix pap = trepapc = QijmQipm|1)]7) (k||
Then py = trppap = aikma;kmﬁﬂj\, similarly pp = trapap = akima};jmliﬂﬂ, and
pc =tratrppape = akmia,’;mj|i)(j|. It follows that

trpaBpaB = Oéz'ijéngEkk'GMQZ/z/m/Oéi'j'm'Ei/zfjfj .
As above, using egp€;1j = 0gj10p5 — 0¢j0¢ 1 gives
trpapaB = az'ijéng%k'aZ/jm/Oﬁ'em/Ei'i - OéiijéijGkk/OéZ/j/m/Oéi/j'm'Ei/i .
Now in the first term, expand as well €gpr€;/; = OgirOpri — OpiOgrir, EvVing

trPABPAB = Qijm Qg Qi Qetm? — Qigim Qg O iy Vit ey — €ker €30 (PA )ik (PA) itk
= (pc)mm/ (Pc)m'm — (pB)je(pB)e; +2det pa
= tr(pg) — tr(ph) + 2det pa
= 2(det pa + det pp — det p¢o)

(where the last line uses that a 2 x 2 matrix p with trace 1 has eigenvalues £, (1 — ) and
therefore satisfies trp? = €2 + (1 —€)? = —26(1 — &) + 1= —2detp+1).



Examples from class:
a) show pap = tro|VYamz)(Yeuz| has Tap = 0, where |[Yorz) = %UOOO) +

111)) , - Then pap = 5(|00)(00] + |11)(11]) = pap and
1 000
y 1 1{o 0 0 0
00 01

We see that A7 = A3 =2, A3 =X =0,80 7= (A — X2)2 =0.

b) show pap = [¢11)(¢11] has Tap = 1, where |¢11) = %5(!01> - |10>)AB- Then
pap = +(]01)(01] + [10)(10] — |01)(10] — [10)(01]) = pap and

0 0 0 0

R 1 110 1 -1 0
PABPAB = 5(!01><01| +[10)(10] — [01)(10[ — [10)(01) = 5lo -1 1 o
0 0 0 0

We see that A2 =1, \a = X3 =Xy =0,50 7=\ = 1.

c¢) more generally calculate Tap for pap = |[¢)(¢| with |¢) = a|00) + a1|11). Then
pap = |ag][00)(00] + apat|00)(11] + agas [11)(00] + [aF|[11)(11] and pap = |aF]|00)(00] +
apai]|00) (11| + afag|11)(00| + |ad||11)(11], so that

0302l 0 0 |aglaca;
- 0 0 0 0
loflagar 0 0 agad]

We see that \? = 4]ada?|, Ao = A3 = Ay = 0, so 7 = A} = 4|a2a?|. Note that the
maximum 7 = 1 occurs when |ag| = |a1| = 1/v/2, and 7 goes to zero as either |a;| or |y
goes to zero (i.e., in the limit of unentangled states |00) and |11)).



