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Spring 2015

Homework 8: Solutions

Problem 8.1 (ZigZag Carbon Nanotubes)
a) For graphene, E(R)= Ep ihv\/(kx -Ky )2 +(ky —Ky)2

. 2z n
For zigzag nanotubes, k, = 2”—" Suppose, m = 3p, then ky —<zn .For n=2p, ky = Ky and
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there is no bandgap. Now suppose m=3p=x1. Then, ky -K y = (32#:) - :—” The smallest value
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of this difference will be when n=2p+1 and in this case,
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The subband dispersions for this value of k are:

E(k)= Ep £ v\(ky — Ky )? + (1/3R)?

The bandgap is the difference between the energies of the conduction and valence subbands when
ky = K, and equals 2Av/3R. For a | nm radius nanotube, the bandgap is 0.44 eV.
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d) Start from: E() hv\/ X)Z 1/3R) and perform a Taylor expansion for small
2 2
values of (k, — K, ) to get, E(k) Ep* Z;[1+%]=EP_Z—R_;1 % This

implies, mg = my, = h/3Rv . So the effective masses get smaller with increase in radius (or decrease in

bandgap). This relation between bandgaps and effective masses is a common property of almost all
semiconductor systems in 1D, 2D, and 3D.



Problem 8.2 (Ballistic Transistor Characteristics and Quantum Effects)

(a) Here is the Mathematica code:

= 8.2) Ballistic Transistor Characteristics and Quantum Effects

6.63 % 10-34
he ————

73 (* Reduced Planck's Constant =)
2%

q-= 1.5*10"19; (* Electron charge, Coulomb =)

mo = 9.1*10'31; (» Free electron mass, kg x)

mt = 0.2+m0; (» Transverse effective mass, Silicon %)
mGaN = 0.2%m0; (* Electron effective mass of GaN *)
k=1.38%10"2%; ¢

epsO0 = 8.85*10'12; (* Permitivitty of vacuum, F/m %)
epsOX = 3.9%eps0; (* Dielectric constant of Si02 x)
epsAlOX = 9.0xeps0; (* Dielectric constant of Si02 %)
epsAlN = 9.0xeps0; (*x Dielectric constant of AIN x)
Mv = 2.5; (* Valley degeneracy of Silicon x)

* Boltzmann Constant, J/K «x)

epsb x eps0
Cb[epsb_, tb ] := —— (% in F/mz, epsb is relative dielectric constant, tb barrier thickness in nm =)

thx107°

q? %2 x gv* meff *m0
Cq[meff , gv.] := ————  ; (* Quantum capacitance, in F/mz, gv is valley degeneracy =*)

2%7xh?

k*T
Vth[T ] := —; (* thermal voltage in Volts )

q
vd[vD_, T ] := m; (» dimensionless drain voltage %)
3
qregve V2emeff+m0 » (k*T) 2
Jo02d[meff , gv_, T ] := o 3 (* spin degeneracy is gs=2, current in A/m x)
*h
nsvg[tb_, epsb_, meff , gv_, T , Vgs_] :=
q* (ns %1016 1 1 q* (ns % 1016 1 vgs
FindRoot[Exp[ ( ) [ + ]] - p[ ( ) [ )] == Exp[—], {ns, 15}][[
Vth[T] Cq[meff, gv] Cb[epsb, tb] Vth[T] Cb[epsb, tb] Vth[T]

11100211

(» nsvg[tb_,epsb_,meff ,gv_,T ,Vgs_] x)

(* T = 300 K %)

(» This is the 2DEG density in logscale as a function of the gate voltage =)

Quiet[LogPlot[(nsvg[z, 10, 0.2, 2, 300, vgs], nsvg[2, 10, 0.2, 1, 300, Vgs], nsvg[2, 10, 0.05, 1, 300, Vgs]},
{vgs, -0.8, 1}, Frame » True, PlotStyle » { {Red, Thick}, {Blue, Thick}, {Green, Thick}},
FrameLabel - {"v.,g -Vr (Volt)", "ng (loulcmz) at 300 K"}, PlotRange - {10'“ o 102], BaseStyle » {FontSize » 15},
AspectRatio -» GoldenRatio, GridLines - Automat:i.c] ]

(» This is the 2DEG density in linearscale as a function of the gate voltage %)

Quiet[?lot[{nsvg[z, 10, 0.2, 2, 300, vgs], nsvg[2, 10, 0.2, 1, 300, Vgs], nsvg[2, 10, 0.05, 1, 300, Vgs]},
{vgs, -0.8, 1}, Frame -» True, PlotStyle » { {Red, Thick}, {Blue, Thick}, {Green, Thick}},
FrameLabel - {"v.,g -Vr (Volt)", "ng (loulcmz) at 300 K"}, PlotRange » {-1, 20}, BaseStyle » {FontSize » 15},
AspectRatio -» GoldenRatio, GridLines - Automat:i.c] ]

The plots are in the next page:
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Plots for Problem 8.2 (a): Logscale and Linear plots of the 2DEG density vs the gate voltage. The colors:
Red is for m*=0.2m,, g2, g,=2, Blue for m*=0.2m,, g2, g,=1, and Green for m*=0.05m,, g~2, g,=1.
As the net DOS increases with higher effective mass or number of valleys, a smaller gate voltage
generates more 2DEG charge.

(b) This follows directly from the definition of the 3D band edge DOS N¢ and the formulae derived in
class and notes for the ballistic FET.



(c) Here is the Mathematica code:

(» dimensionless source voltage parameter =*)
q* (nsvg[tb, epsb, meff, gv, T, Vgs] *1015)
-1];
Cq[meff, gv] «Vth[T] ] ]'

ns[vgs_, VI _, tb_, epsb_, meff ,gv_, T , VD_] :=Log[Exp[

(* Fermi Dirac Integral of order j=1/2 «x)

VY

F[u_] := NIntegrate [ m

s {v, 0, 100}] (*Fermi Dirac Integral of order j=1/2 x)
(» checking values of the Fermi-Dirac integral =)

u3/2
Quiet[LogPlot[{F[u] , Exp[ul, m}, {u, -10, 10}, Frame - True, PlotStyle - { {Black, Thick}, {Black, Dashed}, {Black, Dashed}},

FrameLabel -» {"u", "Fermi Dirac integrals"}, BaseStyle » {FontSize -» 15}, AspectRatio -» GoldenRatio, GridLines - Automatic] ]
(* Ballistic current per unit width in mA/micron =)
J2dballistic[VG , VT _, tb_, epsb_, meff , gv_, T , VD_] :=

10°? *J02d[meff, gv, T] * (F[ns[VG, vT, tb, epsb, meff, gv, T, VD]] -F[ns[VG, VT, tb, epsb, meff, gv, T, VD] -vd[VD, T]]);
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(» Ballistic MOSFETs at T=300K =*)
(» J2dballistic[VG,VT,tb,epsb,meff,gv,T,VD] *)
Quiet[LogPlot[{JZdballistic[Vg, o, 2, 10, 0.2, 2, 300, 0.5], J2dballistic[vg, O, 2, 10, 0.2, 1, 300, 0.5],
J2dballistic([Vvg, O, 2, 10, 0.05, 1, 300, 0.5]}, {Vg, -1, 1}, Frame -» True, PlotRange » {10'10, 10},
FrameLabel - {"Vg.-Vz", "Ia/W, mA/micron"}, PlotLabel -» "Ballistic MOSFETs, T=300K",
PlotStyle -» { {Red, Thick}, {Blue, Thick}, {Green, Thick}}, BaseStyle » {FontSize » 15}, AspectRatio -» GoldenRatio,
GridLines - Automatic] |

(¥ Ballistic MOSFETs at T=300K )

(» J2dballistic[VG,VT,tb,epsb,meff,gv,T,VD] =)

Quiet [Plot[{J2dballistic[1.0, O, 2, 10, 0.2, 2, 300, VD], J2dballistic[0.75, 0, 2, 10, 0.2, 2, 300, VD],
J2dballistic[0.5, 0, 2, 10, 0.2, 2, 300, VD], J2dballistic[0.25, 0, 2, 10, 0.2, 2, 300, VD],
J2dballistic[0.001, O, 2, 10, 0.2, 2, 300, VD]}, {VD, O, 0.5}, Frame » True, PlotRange » {-0.1, 5},

FrameLabel » {"V3:", "I4/W, mA/micron"}, PlotLabel » "Ballistic MOSFET, T=300K", PlotStyle - Thick,
BaseStyle » {FontSize » 15}] ]

(» valley degeneracy gv=2.0, meff=0.2xm0, gate sweeps Vgs-Vt=1.25 V to 0.0 V in steps of 0.25 V, tb=2 nm,

dielectric epsb=10 *)

And the ballistic FET plots are in the next page:
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Plots for Problem 8.3: Logscale and Linear plots of the Ballistic FET characteristics. The colors: Red is
for m*=0.2m,, g=2, g,=2, Blue for m*=0.2m,, g=2, g,~1, and Green for m*=0.05m,, g2, g,=1. As the
net DOS increases with higher effective mass or number of valleys, a smaller gate voltage generates more
2DEG charge, but the group velocity of the low effective mass semiconductor lets it drive more on
current, and slightly lower off current. In the Id-Vds curves below, the current saturates, which is an
important characteristic of any transistor that has gain.
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(d) The qualitative features of a 1D channel FET will not be much different from the 2D channel. The
maximum conductance will however be limited by the quantum of conductance for the 1D channel. See
Problem 8.3 (b), where this is derived for a topological edge state — but this is universal, and does not
depend on the bandstructure details. Also look at the notes on quantum transport, where this is derived.



Problem 8.3 (Topological Insulator Field-Effect Transistors)
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Fig._4. The.longitudinalfour- F G=00162h . |
terminal resistance, Ry4,23, of T
various normal (d = 5.5 nm) 10°F
() and inverted (d = 7.3 nm) :
(11, I, and IV) QW structures - T =30 mK
as a function of the gate volt- 108}
age measured for B=0T at 9 -
T =30 mK. The device sizes &
are (20.0 x 13.3) um?® for ¥
devices 1 and Il, 1.0 x 1.0) T
um? for device Ill, and (1.0 x i
0.5) um? for device IV. The 104k A

Ry4,23/kQ

\ 91.0 —-05 00 05 1.0
(Vg — Vipy) / V
G=03e2h 9 M

inset shows Ry 23(V,) of two G=2e?h
samples from the same wafer, [

having the same device size 103 . . . R S

(I at 30 mK (green) and -1.0 05 0.0 0.5 1.0 15 2.0
1.8 K (black) on a linear scale. (Vg = Vinn) / V

Figure from “Quantum Spin Hall Insulator State in HgTe Quantum Wells”, Markus Konig et al., Science
vol 318, pg 766, 2007.

8.3(f) This is a research problem. If you are interested in working on it, please talk to me!



Problem 8.4 (Boltzmann Transport in d-dimensions)

&4 .
L fw= £ TR (wom) 7, P
ok zt E~>
‘BV[C = —7‘t<’led_y’
AN +<1C(u(ﬁ}l£%) Ve Egqu e
Shw wl@ ,
C&vr(w ({&dlb n = j_f 9V zy ?CV) = ‘3_;5\/ : dk jc(k_}
d 7
r= B f, (k) Aot 97T (/\/(1’[2‘:);%

0
(27—} el - m >l

folons &) o d-dimansional spherve 1 Jm(ym - 7,4

Checke:
T(J J:L—a’h‘k
”fmém,‘//% o @-dimodgional (/;L:eﬂ/ [ }tc,(}?écc : "’3’3"1:/3'17)(3' .-

% = WVJ = c/:lt'%kd‘/ Check:
T (dpt1) d=2 =2 27k
J=3 > 4rpF - - -

> (arviey (Lethg in d- dimerliono i@ -

k.
d -
hj—‘kg—vj‘ilri,_ik' ’fv(/") Z = £ ':;;;
07;)4 T/%{"-) L/ — C ”_ZF
" ’ e e =¥ JE |
= %9v-dn g R e £, (+) 2,{" Z%V(E'E(}
(21T (En)

L
o= 4% dr JE’ s f(c)&atw kj

I T(tsl) l ’ﬁ”
o= " L%

l f 30\[@ (e J“l‘ gd[{) ZJ- J/LT(J 7ﬁﬂj ]
Gononalged d-Fimomind DS




1Y 3 =9 &3
Stoilanky, % J ‘i‘éziv 7 $0) ¥

Zj‘ 'f’Le\';‘eaf'm f\eu }vm‘l’o’. o;«.} 179 ‘F\Xecl diveshion E B Sag
Iheany -
fw= £E&) + fﬂu("ij?:) 7 .E

5 3 = S J,él{ S D =
J = q g g S 0 +(1fw>(—zf.o(i)) -%-EJ
| Ld' (:Z_(DA a{(a

= C[/L 95 Sv Si"lk '\Jk,('\)k E) ’CCk)( )'/{(k)
|

CLK)J' 7
N > ’Sy,(\—;bé) = 'TBL Vix E = 13;,’\9,1(»59/(6
¢ 7, i 45y g A
X MYV < }fo()) ¥ g
g (H,)J d ’b i~ 8y T (k) (- Wo]
) = N
Ox - ¢ 5 dg Y bem, TH(52) = 26
n e
\gdkvi : ’FD (L) <é:>§29;< :jl:‘ ’

® Norbe !

= 4/1/
—j)( = _V\‘_C]Z % é . f"l{g Eg T ({p) ('%:)}
W\Y’

d dp-1
§ds,. e 57" ffop

T= 4 ¢W
e aa

10



Problem 8.5 (Scattering from uncorrelated events)

Transport in the Diffusive’ Limit

F
; 1 2
Momentum Dilute defects = _;lr \V(q)|25[Ek/ — (B £ hw)]

dephasing by O Tkk’

scattering g(tz % g L q=k-¥

o V(q) = K|W(r)|k
Carriers everywhere Band transport (q) ( | ( )| >
e—ik'-r etikr 3
Fermi’s Golden Rule tells us that the = ws(r)] x W(r) x u (v)d°r
scattering potential is the SUM of ALL /V[ \/‘7 K( )] ( ) [ \/‘7 K( )]

the scatterers in the macroscopic crystal.

cilk—K')r
How do multiple scattering centers add = / [T]W(r) x [uk (r)ux (I‘)]dSr
up and contribute to the total scattering \4
rate? 3 3
. d d
~ ( / e T*W(r) ar ) X ( / ugk (r)uk(r) ar )
\4 Vv Q Q
crg;;tal ;1

. 3
Fourier Transform of real-space scattering potenti_ V(q) ~ f v elq'rW(I') %

Scattering by many impurities

F Wiotat(r) =W(E)+ W(r—Rq1)+ W(r—Ra) + ...
Momentum Dilute defects ‘N/,,pimpurities
dephasing by (/ o &
scattering O (7 L Volq) ~ / iq-r ar
o(a) = e W (r)
(— o) v v
O é iq-r d3r
4 Viota(a) = Vola) + | 4 W —Ra) G+
v
Carriers gverywhere Band transport iq- iq-
. . Viotal(@) = Vo(a) + Vo(@)e' ¥ ™ + Vo (q)e'd ...
Impurity locations are Ry, R, ... Viotar(@) = Vo(q)[L 4 "Rt 4 gfaR2 ]
They are “uncorrelated” ‘N'terms
Viewa (@I = [Vo(@)P[(L+ €4 + 92 ) x (14 e7aRs 1 emiaRs )
‘N{mpterms ‘N{mpterms
Viotat(@)[? = IVb(q)I2 (iR —R2) | gia(Ra-Rs) )]
Fourier Transform property: ’ ~0(RPA)
2 _ Az 2
/ €% f(z)dz « F(q) Effect of multiple scatterin’ [Viotat(@)|” = Nimp| Vo(a)|

/ei”f(x +a)dz — F(g) x ¢4 ‘ 1 B 27r 9
oo (total) ~ T X |[Vo(a)|*6[Bw — (Ex £ hw)]

Scattering rate is linearly proportional to impurity density in the dilute uncorrelated limit!




