Handout 18

Phonons in 2D Crystals: Monoatomic Basis and Diatomic Basis

In this lecture you will learn:

* Phonons in a 2D crystal with a monoatomic basis
* Phonons in a 2D crystal with a diatomic basis

* Dispersion of phonons

* LA and TA acoustic phonons
* LO and TO optical phonons
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Phonons in a 2D Crystal with a Monoatomic Basis

General lattice vector:

an =n 51 +m52

Nearest-neighbor vectors:
51 =ax ﬁz = a)?
ns = —ax ny =-ay
X 3 4 y

Next nearest-neighbor vectors:

py=ax+ay Py = —ax +ay
P3=-ax—ay P4 =ax-ay

Atomic displacement vectors:

Atoms, can move in 2D therefore atomic displacements are given by a vector:

a(ﬁ,,m,t){u" }

u
y
—
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Vector Dynamical Equations
d(Ry,t)= d(Ry +m,t)

1 If the nearest-neighbor vectors are known then
the dynamical equations can be written easily.

Vector dynamical equation:
w L 0R) o [alRot)-o(R ). ] = o [y« )Ry ] )

Component dynamical equation:

To find the equations for the x and y-components of the atomic diselacement, take
the dot-products of the above equation on both sides with X and ¥, respectively:

SuRit)_, [alRy s t)-a(R ). ] 07.%)

M 2
dt
2 —
k m (“:,,(:w = a_[[ﬁ(fq + 1, t)— (R, t)]. ] (ri.y)
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Vector Dynamical Equations for a 2D Crystal
a General lattice vector:
3 N Q! an =n 51 + méz
e & Nearest-neighbor vectors:
AA ﬁ1 =ax ﬁz = 3}7
"“’ iy = —a% fig = —ay
Q c\" I 3 . 4
9 = Next nearest-neighbor vectors:
S - - . = - .
A X  py=ax+ay Py = —ax +ay
a p3 =-ax-—ay Py = ax —ay

Y d2i(R, .t cy 3 [[a(knm N ﬁj,t)—ﬁ(ﬁ’nm,t)]. ﬁj]ﬁj summation

dtz j=1234 over 4 nn
vz 2 alRan +p0)- iG] 211, — sumton
nn
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/ Dynamical Equations \
y d%i(Rym.t) . 1.

de? —a1 [[ ("m+”1 ) "(an't)]-"j]"j

+a2 [[ (nm+pJ ) (R m’t)]'ﬁi]ﬁi

If we take the dot-product of the above equation with x we get:

_T[Ux( nm>t)— tx (Rom + Pt )]‘*z[uy )=ty (Rom + B )]

—%[Ux(_’nm’t)_ux( m + P2, )]*‘%[”y(qnm’t)‘”y(qnm+ﬁz’t)]

—0;2 [ux(ﬂnm t)‘“x(-nm‘*ﬁs,t)]‘%[“y(ﬂnm t)_”y(anm'*p‘*’t)]
(Rom:t) past)]+ 5 Ly Romt)
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/ Dynamical Equations \
9 [
Md PRom.1) [[ ( Rpm +nj, ) (knm’t)] AJ] g

0!1 .n;|n;

+C¥2 [[ ( nm+pj ) u(knm’t)]'ﬁi]ﬁi
If we take the dot-product of the above equation with ¥ we get:

" dzuy (f\’,,m , t) ~
dt?

2 iy Rom )ty (R + 1] 2 i R ) R+ 1]

2 Ly Rty (o + B % [ Rome) - B + 1)

2 Ly R}ty R ) 2 it B t)- R+ 1]
o)ty R B [ (o )

_ ux(ﬁnmy
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Solution of the Dynamical Equations

Assume a wave-like solution of the form:

s ] e

uy (R
Rom +n‘,,tﬂ _ [ux(ﬁ)} eiq.(k,,mmj) oot

HM’

R,
Then:
uX
uy an +n Uy(ﬁ)
—eld-f [”x(q)} Rom g 0t

u,(a)
&9 (R )

a(R,,,,,m,,r):{
J’

We take the above solution form and plug it into the dynamical equations

—
ECE 407 - Spring 2009 - Farhan Rana — Cornell University

Dynamical Matrix and Phonon Bands

4¢y sin (q)z( J+2a2[1 cos(qxa)cos(qy )] 2a, sin(qxa)sin(qya) [

20, sin(q,a)sin(qya) 4aq sin? (?J +2a,f1- cos(q,a)cos(qya)]

Compare with the standard form:

P M

Solutions:
a4 =200 N/m
0.16 2 =100 N/m
X M 0.14 M =2x10"26 kg
A 0.12
> 01
2 V 3
o r 20.08
0.06
FBZ 0.04
——p
2z 0.02
a
oF X M r
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4a1(%) +ap [(qxa)2 + (qya)Z]

Transverse (TA) and Longitudinal (LA) Acoustic Phonons
2
a

2 . ~
a(aya)aya) {ux(q)] ot [ux(q)
2 — = '
q,a u,(q) u,(4)
2a2(qxa)(qya) 40!1(%] +a2[(qxa)2 +(qya)2] d v
Casel: gy z0,¢7y =0 016
0.14
0.12
a1+ ay ux(qx) 1 % 01
@, = a =A =
L4(9x) M qx |:Uy (ax) 0 2008
Longitudinal acoustic phonons: atomic motion in A
. . it 0.04
the direction of wave propagation o
Qy X [ T
ora(@x) =72 aya 4x(@))_ [0
AIx [7 Il uy(qx) 1 M
Transverse acoustic phonons: atomic motion in the
direction perpendicular to wave propagation re——9 X
FBZ
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2] ol -y

:)
Transverse acoustic phonons: atomic motion in the
direction perpendicular to wave propagation

Transverse (TA) and Longitudinal (LA) Acoustic Phonons
4d1(£
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2aa(ax2¥ey2) [0
aY e R e
2a2(qxa)(qya) 4a1(q%] +ap [(qxa)2 + (qya)Z] 4 y
Casell: Gx~0,q,~0 q,=q,=q e =
0.14
@) 1 0.12
o t4a; ux\q = 01 LA
@A (q) M qa |:uy (q) 1 2008 L o
Longitudinal acoustic phonons: atomic motion in 0.06
the direction of wave propagation 0.04 A
0.02 \)
0
a)r(q)—\/aqa u,(q) A 1 r X M
A M uy(q)

FBZ




Transverse (TA) and Longitudinal (LA) Acoustic Phonons

In general for longitudinal acoustic phonons LA
near the zone center: 0:18
0.14
uy(q) =A dx 0.12 LA
uy(@)] ldl|ay 3 o) TA
2 0.08 A
And for transverse acoustic phonons near the 0.08 A
zone center: 0.04
0.02

uy@)] A [— qy] g
== r X ] T
u,(9)] |G/| ax
In general, away from the zone center, the LA phonons are not entirely longitudinal
and neither the TA phonons are entirely transverse
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Transverse (TA) and Longitudinal (LA) Acoustic Phonons

0.16] LA

0.14

0.12 TA and LA
3 o TA
5 0.08] 1A

0.06

0.04 A

0.02

oF X ] T

S— .
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Periodic Boundary Conditions in 2D
General lattice vector: General reciprocal lattice vector inside FBZ:
R,m = n @+ ma, G=aybi+ay b, { -12<ay,a;<12

Our solution was:
ux(q) ot
nm e

(5 Uy
iR t) = {
Periodic boundary conditions for a lattice of N;xN, primitive cells imply:

uy
i(Rom + N 1) = [x(q)} 8- (Ram M) 10 _ (R, 1) [“x(qﬂ Fam 7101

@)° @)]°

k,,,,,,t

R,

HM’

:>elq.N1a1 =1

= qG.Nd; =my2z  {where m, is an integer

1 ° °_ °
=27 ¢ Ny=my 2z {where -§<a1si b,
by
[ ] ®
Sa=" {where EL Py r
N 2 2 FBZ
Similarly: m N. N. ° ° ¢
ay=-"2 {where 2 amy<2
N, 2 2
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Counting Degrees of Freedom

In the solution the values of the phonon wavevector are dictated by the periodic
boundary conditions:

G= a1 bi+a; by ST
my N, N, PPN
=— where -—"<m<—
TN { 2 2 Toii
e oo ee e o o|]FBZ
ap="2 {where Mo <my < N2
N, 2 2

=There are N,N, allowed wavevectors in the FBZ
(There are also N,N, primitive cells in the crystals)

=There are N,N, phonon modes per phonon band

Counting degrees of freedom:

* There are 2N,N, degrees of freedom corresponding
to the motion in 2D of N,N, atoms

* The total number of different phonon modes in the
two bands is also 2N,N,
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Phonons in a 2D Crystal with a Diatomic Basis

Atomic displacement vectors:

in 2D therefore atomic displacements are
given by a four-component column vector:

Usx f‘inm +a1st;
[m k,,,,,+&1,t)} | gy (Rom +diast
n (R + d2st)| | Unx (Rm +da t
uzy (Rpm +da, t

1st nearest-neighbor vectors (red to blue):

- ax+ay - —ax+ay
hy =212V , = Xt
2 2
-  —ax-ay - ax-ay
hy =—= hy =2
3 2 4 2

R,m = n a;+ ma,

The two atoms in a primitive cell can move

2
° ° °
1 y
° ° d e I_.
X
A
2nd nearest-neighbor vectors (red to red):
51 =ax ﬁz = a)?
ﬁ3 =-—ax ﬁ4 = —3}7

3rd nearest-neighbor vectors (red to red):
pq=ax+ay Py = —ax +ay

Py=-ak-aj  Py=ak-ay
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Diatomic Basis:

———

Force Constants

The force constants between the 1st
2nd and 34 nearest-neighbors need
to be included (at least)

—
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Diatomic Basis: Dynamical Equations

Dynamical equation for the red(1) atom:

2 _
A dt Rg;'fd”t =+ j=1’221’3’4[[l72(§,,m+c?1+Ej,t)—ﬂ1(ﬁ’,,,,,+J1,t)].ﬁj]ﬁj —
tap X [[ﬁ1(‘nm+a1+ﬁj’t)_ﬁ1(knm+a1’t)]'ﬁi]ﬁi
j=12,3,4
+a3 X [[U1(knm+a1+F.’j't)_ﬁ1(ﬁnm+a1't)]'ﬁj]’3]
j=12,3,4

M, o2ty (R +da,t =+ X [[ﬁz(ﬁ’nm +c72+ﬁj,t)_a2(§nm +c72,t)]. ﬁj]ﬁj .
dt® j=123.4
ta j=1,22:,3,4[ [ az(ﬂnm +d, +ﬁj,f)—l72(§nm +c72,t)]_ ﬁj],“,j
tas j=1,22:,3,4[ [ az(knm +d, +ﬁi’t)_a2(knm +&2,t)]_ ﬁj]i’j

\_

summation
over 4 1st nn
summation
over 4 2" nn
summation
over 4 39 nn

summation
over 4 1st nn
summation
over 4 2" nn
summation
over 4 39 nn
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Diatomic Basis: Dynamical Equations

Cume a solution of the form:

Uqy ﬂnm + &1, t; u1x(é) ei q-d1

|

iq(R d q =\, iG.d

[u1 R,,,,,+d1,t)}= Uy \Rpm +dy, t _ u1y(q)e’q 1 eit-"an -
Us\Rpm + d2,t) Uy \Rpm +da,t uzx((—i)eiq.dz
Uy \Rpm + dy,t Uy, (&)el G.ds

To get a matrix equation of the form:

u1,(q) My 0 0 07[u(qg)

= uy(@| 5,10 M 0 0 luy(q)
) 11 _ 9
Gl | el AP My, 0 ||uz(@)

uzy(c"l) 0 0 0 Mz u2y(é)

iot

—
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The matrix D(§) is:

The Dynamical Matrix

Uix ((:7) M1
2@ iie) | o
Uy (6) 0

0 0 07 un(@
My 0 0 ||uy(@)
0 M, 0 ||ux(d)
0 0 M,]|uzy(q)

204 + 4ax, sin® %J +

2a; [ 1- cos(q,a)cos(qya)]

203 sin(g,a)sin(g,a)

9xa qy a
2
aq COS( jcos[ ]

204 sin(%) sin[?)

2a; sin(qg,a)sinlgya)

a
204 + 4a sin® % +

2a3 [ 1- cos(qxa)cos(qya)]

a
20, sin(%} sin[q; ]

axa aya
—2a, cos| cos
“ [ 2 J [ 2

Q

a
-2 cos(%) cos[%]

a
20, sin(%} sin[q; ]

204 + 4y sinz(%J +

2a; [ 1- cos(qxa)cos(qya)]

2a; sin(q,a)sinlqya)

. a\)_. (9y@
20, snn(%) sm[%]

axa aya
—2a,cos| —=— |cos| ——
“ [ 2 ) [ 2

2a3 sin(q,a)sinlqya)

a
20, + 4, sin? %] +

"

2a; [ 1- cos(q,a)cos(qya)]

—
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For calculations:

@ =300 N/m
ag = 200 N/m
a3 =100 N/m

One obtains:

center)

- 2 optical phonon bands (that have a
non-zero frequency at the zone

0.2 LO bands
LO LO
TO
0.15 TO
— TO
A
3 \ LA
g 01
e TA
LA TA
0.05
TA Acoustic
bands
r X M r

- 2 acoustic phonon bands (that have
zero frequency at the zone center)

Diatomic Basis: Solution and Phonon Bands \
Optical

2M, =M, =4x10"26 kg

2z
FBZ __ a
———p

—
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Longitudinal (LO) and Transverse (TO) Optical Phonons

Casel: qx=0,q,=0

ur(ay) 1 _1,.1
1x\dx 1 M, M, M,
> (q zO)= % u1y(qx) A 0
LotHx M, Uz (ax) MMy |, Opica
Uzy (qx) 0 Lo 7\
Longitudinal optical phonons: atomic motion in the AOC 5
direction of wave propagation and basis atoms 3
move out of phase g o A
u1x(qx) 0 0.05
2o uyy, (qx) 1 TA Acoustic
~0)= |— =A bands
@10(dx =) M, uzx(ax) 0 o X "
uzy (ax) - My /M,
Transverse optical phonons: atomic motion in the M

direction perpendicular to wave propagation and
basis atoms move out of phase

To—9 X

FBZ
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Longitudinal (LA) and Transverse (TA) Acoustic Phonons

Casel: 9x~0,q,=0

Uqx (qx)

oLa(gy =0)="?

1
gy (qx ) —A 0
Uzx\dx 1 0.2

uzy (9x) 0 £7\
Longitudinal acoustic phonons: atomic motion in 0.15

the direction of wave propagation and basis atoms

move in phase o1

fio (eV)

TO

Optical
bands

LA
u1x(qx) 0 0.05
uyy (qx) 1 T Acoustic
~0)="7? = s
a’TO(qx 0) u2x(qx) A 0 Qi,, X m band
uzy (qx) 1
Transverse acoustic phonons: atomic motion in the M

direction perpendicular to wave propagation and
basis atoms move in phase

Te——9 X

FBZ

S—
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Counting Degrees of Freedom and the Number of Phonon Bands

Periodic boundary conditions for a lattice of N;xN, primitive cells imply:

G=a1by+ay b,

0.2 Optical
bands
m N. N. Lo
o =F1 {where -?1<ms?1 0.1547\
1 s N L
=" | where -N2 o, < N2 & o
27N, 2 272 ay
0.05
—=There are N,N, allowed wavevectors in the FBZ TA Acoustic
—=There are N,N, phonon modes per phonon band or < m bands

Counting degrees of freedom:

* There are 4N,N, degrees of freedom corresponding to the motion
in 2D of 2N, N, atoms (2 atoms in each primitive cell)

* The total number of different phonon modes in the four bands is
also 4N,N,
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