Info 2950, Lecture 20
18 Apr 2017

Prob Set 6: due Mon night 24 Apr
Prob Set 7: due Tue night 2 May (?)
Prob Set 8: due Wed night 10 May (?)

Consider networks with power law exponent dependent on parameter p (Easley/Kleinberg 18.3)
Model has directed links (so more in the spirit of web pages than social network)
Add new page (node) j, give link (edge) to an earlier page, according to probabilistic rule:
(a) With probability p, page j links to page i chosen at random from all earlier pages;
(b) With probability 1

p, page j instead links to a page i chosen with probability

proportional to i’s current number of in-links.
(a) permits discovery of pages that start with zero in-links, (b) is “preferential attachment”
Let xj (t) be the number of in-links to node j at time t (the in-degree).
Condition that node has zero in-coming links when created: xj (j) = 0.

Let xj (t) be the number of in-links to node j at time t (the in-degree).
Condition that node has zero in-coming links when created: xj (j) = 0.
Now determine the expected number of nodes with k in-links at time t.
Probability that a new node created at time t + 1 links to node j:
p/t + (1

p)xj (t)/t

(at time t, by rule (a) j is chosen from t nodes with uniform probability 1/t,
and by rule (b) the choice is instead according to node j’s fraction of in-links, xj (t)/t).
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Rewrite as
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= ,
p + qxj (t)
t
hence integrates to ln(p + qxj (t)) = q ln t + c, or equivalently
q

p + qxj (t) = At ,
where A is a constant determined by the boundary condition.
Solving for x (t),

p + qxj (t) = At ,
where A is a constant determined by the boundary condition.
Solving for xj (t),
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To determine the number of nodes with degree k at (large) time t, can ignore second term:
q

xj (t) ⇡ a(t/j) .
The fraction of nodes F (k) with xj (t)
i.e., the early ones, with small j:
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In the discrete time version, the fraction of nodes with degree equal to k, P r(xi (t) = k),
would be given by
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(subtract those with degree at least k + 1 from those with degree at least k).
In the continuous version ( k ! 0), and with the fraction with at least in-degree k
behaving as F (k) ⇠ k
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This is a power law with exponent ↵ = 1 + 1/q = 1 + 1/(1
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The limit p ! 1 gives back the random network, where ↵ ! 1 signals loss of the power
law behavior (the tail is extinguished).
In the p ! 0 limit, the exponent ↵ ! 2, and the tail of the distribution is that much more
pronounced.
Smaller p permits nodes with even larger in-degree, giving a longer tail.

(https://en.wikipedia.org/wiki/Barabási–Albert_model)

Notes on derivation of power law for preferential attachment
A slightly di↵erent preferential attachment process:
Let di (t) be the degree deg(vi ) of node vi at time t.
At time t+1 add new vertex vt+1 with m new edges to the earlier nodes vi , with probability
proportional to their degree di (t):
di (t)
P r(attaching to vi ) = Pn
.
j=1 dj (t)

(1)

(You implement this in the current programming assignment for m = 2.)
Approximate probabilistic discrete time dynamics with continuous time deterministic process:
Suppose di (t) depends on a continuous time t, with boundary condition that node vi is

di (t)
P r(attaching to vi ) = Pn
.
j=1 dj (t)

(1)

(You implement this in the current programming assignment for m = 2.)
Approximate probabilistic discrete time dynamics with continuous time deterministic process:
Suppose di (t) depends on a continuous time t, with boundary condition that node vi is
created at time ti with degree m, so that
di (ti ) = m ,
sum of degrees dj (t) satisfies
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dj (t) = 2mt

(by time t have added mt edges, each contributes 1 to the degree of two nodes).
As new nodes and edges added according to (1), degree of vi increases as
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(each has m independent chances).

Rewritten as @di (t)/di (t) = @t/2t, integrates to
1
ln di (t) = ln t + const .
2
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Exponentiating, we have di (t) = Ct1/2 , where the new constant C can be determined by
the condition (2) and therefore (for t

ti ):
r
t
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.
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(5)

Again consider F (k), the fraction of nodes that have degree di (t) at least equal to k
(where k

m since nodes are created with degree m).
p
Substituting (5) into the condition di (t) k gives m t/ti
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So at any time t, the fraction of nodes with degree at least equal to k consists of those
created in the first m2 /k 2 fraction of the time, and
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In the discrete time version, the fraction of nodes with degree equal to k, P r(di (t) = k),
would be given by F (k) F (k +1) =
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at least k + 1 from those with degree at least k). In the continuous version ( k ! 0), that
probability becomes (see figures following):
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and we see the emergence of the power law behavior k

↵

with exponent ↵ = 3.

The exponent itself does not depend on m, as will be seen in the programming assignment.

More Statistical Methods
Peter Norvig, “How to Write a Spelling Corrector”
http://norvig.com/spell-correct.html
(See video:
http://www.youtube.com/watch?v=yvDCzhbjYWs
“The Unreasonable Eﬀectiveness of Data”, given 23 Sep 2010.)
Additional related references:
http://doi.ieeecomputersociety.org/10.1109/MIS.2009.36
A. Halevy, P. Norvig, F. Pereira,
The Unreasonable Eﬀectiveness of Data,
Intelligent Systems Mar/Apr 2009 (copy at resources/unrealdata.pdf)
http://norvig.com/ngrams/ch14.pdf
P. Norvig, “Natural Language Corpus Data”

naive bayes
p(C|w) = p(w|C)p(C)/p(w)
Q
Naive: p({wi }|C) = i p(wi |C)
Bayes:

• spam filter (p(S|{wi })/p(S|{wi }))
• text classification (on arXiv > 95% now)
• spell correction
• voice recognition
• ...

simplest algorithm works better with more data.
for arXiv use multigram vocab: genetic algorithm, black hole

“The Unreasonable Effectiveness of Naive Bayes in the Data Sciences”
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General “Big Data” Procedure

Define a probabilistic model
(i.e., use data to create language model, a probability
distribution over all strings in the language, learned from
corpus, and use model to determine probability of candidates)
Enumerate candidates
(e.g., segmentations, corrected spellings)
Choose the most probable candidate:
best = argmaxc ∈ candidates P(c)
Python:

best = max(candidates, key=P)

Big Data = Simple Algorithm

http://norvig.com/spell-correct.html

A little theory
Find the correction c that maximizes the probability of c given the
original word w :
argmaxc P(c|w )
By Bayes’ Theorem, equivalent to argmaxc P(w |c)P(c)/P(w ).
P(w ) the same for every possible c, so ignore, and consider:
argmaxc P(w |c)P(c) .
Three parts :
P(c), the probability that a proposed correction c stands on
its own. The language model: “how likely is c to appear in an
English text?” (P(“the”) high, P(“zxzxzxzyyy”) near zero)
P(w |c), the probability that w would be typed when author
meant c. The error model: “how likely is author to type w by
mistake instead of c?”
argmaxc , the control mechanism: choose c that gives the best
combined probability score.
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Example
w =“thew”
two candidate corrections c=“the” and c=“thaw”.
which has higher P(c|w )?
“thaw” has only small change “a” to “e”
“the” is a very common word, and perhaps the typist’s finger
slipped oﬀ the “e” onto the “w”.
To estimate P(c|w ), have to consider both the probability of c and
the probability of the change from c to w
[Recall the joint probability “p of A given B”, written P(A|B), for
events A and B, can be estimated by counting the number of
times that A and B both occur, and dividing by the total number
of times B occurs. Intuitively it is the fraction of times A occurs
out of the total times that B occurs.]

Complete Spelling Corrector
import re, collections
def words(text): return re.findall(’[a-z]+’, text.lower())
def train(features):
model = collections.defaultdict(lambda: 1)
for f in features:
model[f] += 1
return model
NWORDS = train(words(file(’big.txt’).read()))
alphabet = ’abcdefghijklmnopqrstuvwxyz’
=⇒

def edits1(word):
s = [(word[:i], word[i:]) for i in range(len(word) + 1)]
deletes = [a + b[1:] for a, b in s if b]
transposes = [a + b[1] + b[0] + b[2:] for a, b in s if len(b)>1]
replaces = [a + c + b[1:] for a, b in s for c in alphabet if b]
inserts = [a + c + b for a, b in s for c in alphabet]
return set(deletes + transposes + replaces + inserts)
def known edits2(word):
return set(e2 for e1 in edits1(word) for e2 in edits1(e1) if e2 in NWORDS)

def known(words): return set(w for w in words if w in NWORDS)
def correct(word):
candidates = known([word]) or known(edits1(word))
or known edits2(word) or [word]
return max(candidates, key=NWORDS.get)
(For word of length n: n deletions, n-1 transpositions, 26n alterations,
and 26(n+1) insertions, for a total of 54n+25 at edit distance 1)

def unit_tests():
…

Improvements
language model P(c): need more words. add -ed to verb or -s to
noun, -ly for adverbs
bad probabilities: wrong word appears more frequently? (didn’t
happen)
error model P(w |c): sometimes edit distance 2 is better
(’adres’ to ’address’, not ’acres’)
or wrong word of many at edit distance 1
(in addition better error model permits adding more obscure words)
allow edit distance 3?
best improvement:
look for context (’they where going’, ’There’s no there thear’)
⇒ Use n-grams
(See Whitelaw et al. (2009), “Using the Web for Language Independent
Spellchecking and Autocorrection”: Precision, recall, F1, classification
accuracy)

