Semiconductor Optoelectronics (Farhan Rana, Cornell University)

Chapter 8

Integrated Optical Waveguides

7.1 Dielectric Slab Waveguides

7.1.1 Introduction:

A variety of different integrated optical waveguides are used to confine and guide light on a chip. The
most basic optical waveguide is a slab waveguides shown below. The structure is uniform in the y-
direction. Light is guided inside the core region by total internal reflection at the core-cladding
interfaces.
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Most actual waveguides are not uniform and infinite in the y-direction but can be approximated as
slab waveguides if their width W is much larger than the core thickness d, as shown below.
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A better description of the guided light is in terms of the optical modes. The slab waveguide supports
two different kinds of propagating modes:
i.  TE (transverse electric) mode: In this mode, the electric field has no component in the
direction of propagation.
ii.  TM (transverse magnetic) modes: In this mode, the magnetic field has no component in the
direction of propagation.
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To study these modes we start from Maxwell’s equations. The complex form of Maxwell’s equations
is,

Vxézia)yOI:I
VxH :—ia)gonz(x)é
— 2 —
:VxVxE=w—n2(X)E
C2

Since VxVxE:V(V~E)—V25.Ingeneral V-.E #0. Rather V~[n2(X)E]=O. But if index

is piecewise uniform in different regions then inside each region one may assume V-E =0. So we
have in each region,
2

_V2E=2“_ n2(X)E
2
Cc
Similarly, with the assumption of piecewise uniform index we can write for the H field,
2
~V2H =2 _n?(x)H
C2

7.1.2 TE Modes:
For TE modes, the electric field can be written as,

E(x,2) = yEoh(x)e"*
In each region of piecewise uniform index (core and cladding), ¢(x )satisfies,

2 2
0 w° 2 2

{——2——2n <x)}¢(x) = —24(x)

0x c

Given a value for the frequency w, we can find all solutions of the above equation which is an
eigenvalue equation with eigenfunction ¢(x )and eigenvalue — g 2. Once we have the electric field,

the magnetic field H can be found as follows,

()A(a + iﬂéj x E(X, z)
00X

Ax,z)=2E .
lop oy
ZE . E ;
_ %o op(X) & oB #(x) oz
iou, 0X WOy
The boundary conditions needed to solve the eigenvalue equation above are as follows:

1) y-component of the electric field is continuous at the core-cladding interfaces
i) z-component of the magnetic field is continuous at the core-cladding interfaces
iii) x-component of the magnetic field is continuous at the core-cladding interfaces (this is

automatically satisfied when (i) above is satisfied)

The solutions are labeled with the integer index m (m =0,1,2,3,...). So the field for the TE ,,, mode is,
E(x,2) = JEofm(x, w)e"Pm ()7

where the dependence of the eigenfunctions and the propagation vector S on the frequency @ is
explicitly indicated. For the TE modes we assume the solution,

Cie7X"912)  x>qy2

3 cos(kx)
#x) = C{sin(kx)

Ce?¥+d12)  x< g2

Ixlcd/2
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Plugging the above solutions in the equation,

{— 8‘1—22 - “C’—inz(x)}ﬁ(x) = —B%4(x)
we get,
° :yz\/”—z(ng—nf)—kz
B2y - Z)_2n12 ¢

Using the boundary conditions give,

tan[%} = % (cosine solutions — even TE modes)

- cot(—j :% (sine solutions — odd TE modes)

A solution can be obtained graphically by plotting the left and right sides of the above equations, as
shown below where the left side is plotted using blue lines and right side using red lines. Below a
certain frequency @y, the m-the mode ceases to exist. This cut-off frequency is,
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The propagation vectors f,,(w) behave as 2n1 near then cut-off frequencies, and asymptotically
Cc

approach the —ny, curve at high frequencies. In most applications, waveguide dimensions are chosen
Cc

such that it supports only one mode. Unless necessary we will usually drop the mode index “m".

7.1.3 TM Modes:
Similar analysis can be done for the TM modes. Assume,

H(x,2) = JHo¢(x)e’?

E(x,z) = VxH —{2 Ho 8—¢+)‘(i(/ﬁ(x)}ewz.

Ciwegn?(x) | —iwegn?(x) X weyn?(x)
For piecewise uniform index n(x), ¢(x ), satisfies,
0 w?
[— —2 - Zon?(x )j¢(x) =—p%4(x)
ox c
Assume solution of the form,

2
Cle 7412 xxdi2 |p?+k?=2n)

k (o

sx)=1Cy| )| e a2 2
sin(kx) ﬂz _72 _O 2
Ce?*d12) x<_g/2 2

The boundary conditions needed to solve the eigenvalue equation above are as follows:

1) y-component of the magnetic field is continuous at the core-cladding interfaces
ii) z-component of the electric field is continuous at the core-cladding interfaces
iii) x-component of the electric field weighted by the square of the index is

continuous at the core-cladding interfaces (this is automatically satisfied when (i)
above is satisfied)

Using the boundary conditions give,

kd) N5
tan| - | = 2.2 (cosine solutions — even TM modes)
2 n12 k

kd) N3

- cot(—j =27 (sine solutions —odd TM modes)
2 n12 k

The above relations are similar to those obtained for the TE modes other than the factors containing

the squares of the core and cladding refractive indices. The general behavior of the TM modes is

similar to the TE modes.
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7.1.4 Effective Index and Group Index:
The effective index ngs(w) of a mode is defined by the relation,

1)
Blw) =~ Nef (@)
The effective index of each mode equals n4 at their cut-off frequencies and approaches n, at high
frequencies. The group velocity of a mode is,

1 _9
vg(w) Jw
Vg is written as,
Cc
Vqo(o) =
g(®) ng(@)

where ng (o) is called the group index of the mode.

7.2 Two Dimensional Waveguides

7.2.1 Introduction:

In slab waveguides, light is confined in only one dimension (the x-dimension in our notation) as it
travels in the z-direction. In most actual waveguides light is confined in two dimensions (x and y-
dimensions) and travels in the z-direction. For example, the cross-section of a rectangular waveguide
is shown below.
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Unfortunately, the exact modes of such 2D waveguides are not as easy to complete as thoE.e of sleLb
waveguide. The modes are neither TE nor ™. All rzlodes have a small component of E and H
fields in the direction of propagation. The E and the H fields can be written as,
E(x,,2) = RE(x,y) + JE, (x,y)+ 2E,(x, )} = | Ey(x y)+ 2E,(x,y) |e¥*
F(x,y,2) = ’H, (x,y) + PHy (6.y) + 2H, (x )} e = | Ay(x.y) + 2H,(x.y) [&?*
We have defined the transverse components of the fields as follows,
Et(x.y) = XEx(x.y) + VEy(x.y)

He(X,y) = XHy(x,y) + JH, (x,y)
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Since the exact solution is difficult and cumbersome, several levels of approximations are commonly
used and are discussed below.

7.2.2 Mode Solutions for 2D Waveguides:
We need to solve the equation,

— 2 — — -
VxVxE(xy.2) =2 n2(x.y)E(xy) 1A=Y*E
c? lopo

subject to all the proper boundary conditions for the E and H fields at all the interfaces.
The operator V is,

-0 .0 .0
V=X—+y—+7Z—
ox oy 0z
Define,
Vi=x L4yl ovav, 422
ox oy 0z

From V x E = ia),uoI:I , it follows that,
(V% E).2 = iwuyH.2 = iou,H,e"?
= (V¢ x E).2 = iouyH,
(Vi xE)2
ot
Similarly it can be shown that,

E, - (Vi Hy).2 @)

- ia)gon2

=H,

Equations (1) and (2) show that knowing the transverse components of the field is enough since the z-
components can be determined from the transverse components. We need to solve,

VxVxE=—n“(x,y)E
02

— —_ 2 —
- V(V.E)— V2E = n?(xy)E
(o

Taking the transverse component gives,
~ _ 2 .
Vi(V.E)-V2Ee” - n2Eie#? = 0 3)
Cc
We need to find convenient and useful expressions for the first two terms on the right hand side. Now,
VE = Vt.EtelﬂZ + iﬂEZe'ﬂZ

but,
V.(n%E)=0
= V.(n%E}) +ipn°E, =0
-

- IﬂEZ __ Vt.(nz Et)

n

. . L 2E
= VE =V, Ee’ 1 ipE,ef? =v, Eef? - MzEf)e’ﬂz

n
.
—~ =\ Vi(n©E i
= V{(V.E) = vt(vt .E,)e’/’Z - v{#}e’ﬂz
n

The other term in Equation (3) is,
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o= 9= i 9=
V2Ee'? = vZEe? - p2Eie'h”
Using the results above, Equation (3) becomes,
2
2F g1 22| @7 2f 2F
_ Vt El‘ + V{Vt.Et —n—2Vt.(n Et):|—c—2n El‘ = —ﬂ Et

The above eigenvalue equation is what one needs to solve to get the exact solution. This equation can
be put in the form,

FXX ’?XY}{EX}—/F{EX} (4)
Py Py | By Ey

where the differential operators are.

ol 1 an%E)] o026, ? ,
PXXEX =—a— —2 - > ——2n EX
X_n 15).4 ay c
s g 0 1 an’E,)| o%,
xyEy =" |75 +
oX| n oy oxoy
5 __82Ey _0 LM _w_zan
Wy ox2  oy|n? oy c? Y
2 2
PyxEx:_i 1 An’Ey) |, O%Ey
oy|n2 ox oyox

The above equation is an eigenvalue equation and its solution gives the transverse components of the
electric field E for the mode and the corresponding propagation constant f(w). E,(X,y) can be
obtained from E, (x,y) and E (X,y) as already explained, and H field can be obtained from the
relation,
g - (Y x E)

iy
For piecewise uniform indices, all derivatives of the index n(x,y) can be dropped provided
appropriate boundary conditions are used at all the interfaces.

7.2.3 The Semi-Vectorial Approximation:
In many cases of practical interest one transverse component of the electric field (either E, or E y)

dominates over the other component. In such cases, we may assume that the other transverse field
component is zero. For example, if we know a priori that E, dominates then we may assume that

E is zero and solve the much simpler eigenvalue equation,

P Ey = —B°E,
o | 1 8(n’Ey)| 0%E, ® > 2
Y= - -2 _n%(x,y)E,)=-B%E,.

The above equation is called the semi-vectorial approximation. For piecewise uniform dielectrics we
can also write it as,
62 82 2

@
EX_@y_zEX __nz(XaY)Ex :_ﬂzEx

2

ax2 c

2
w
= —VZEy, - - n?(x,y)Ey = -°Ex
C



Semiconductor Optoelectronics (Farhan Rana, Cornell University)

provided we take care to impose the boundary conditions on E, (X, y) at all the dielectric interfaces
as appropriate for the x-component of the electric field. Once the dominant E, (X,y) component has
been found, the remaining field components can be found as follows,

\% .(nzé): 0
: 2
NN N
ﬂ n2 15)4
FELL)
lop,
~H, =L E, - lii—)x }
y - X 2
Wllo ﬁwﬂo ox
2
— H, - 1 o\n E
ﬂa’ﬂo 6y
V.H=0
Ly, -1 O
fouy oy

When the horizontal electric field component dominates the modes are sometimes called HE,; modes
or TE,; modes (with a slight abuse of terminology). When the vertical electric field component
dominates the modes are called EH,; modes or TM,; modes (again with a slight abuse of
terminology). The two subscripts p and g indicate the number of nodes the dominant electric field
component has in the horizontal and vertical directions, respectively.

XXy E
HE,

E=

f X
EHy, ‘
cladding w
HE,, % cladding
.Z

HE,,

7.2.4 The Scalar Field Approximation:

If one component of the transverse electric field dominates over the other transverse component and
the index differences among different regions in the structure are also relatively small, then one may
use the semi-vectorial approximation and also do away with the boundary conditions on the normal
component of the electric field at all dielectric interfaces. For example, if we know a priori that
E, (x,y) dominates then we may solve the equation,
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92 02 @® 2
~—Ey) - B = T P (0 E () =S Ex(xy)
X Y c
2

= ViEx(0y) =27 n (XY )Ex(xy) =P Ex(xy)

assuming that the field and its derivative are continuous across all dielectric interfaces. This is called
the scalar field approximation. Once the dominant electric field component has been found, the
remaining field components can be found as in the case of the semi-vectorial approximation. Scalar
field approximation seems crude but it gives very accurate answers for the propagation vector S(w)

(or the effective index ngg (w)) as long as one is for away from the mode cut-off frequency. It is also

very accurate in calculating mode confinement factors — as we will see in later Chapters. For most
part of this course we will use the scalar field approximation to keep the computational overhead low.
One disadvantage of the scalar field approximation is that it does not tell accurately whether the
single-mode condition holds since the scalar field approximation is not accurate near mode cut-off.

7.2.5 Slab Waveguide Approximation:

If the aspect ratio of the waveguide is such that one dimension is much larger than the other
dimension, then the modes and the corresponding wavevectors and effective indices can be
approximated by those of the corresponding slab waveguide as discussed earlier.

7.2.6 Energy and Power in Waveguides:
The energy flow for electromagnetic fields is given by the complex Poynting vector,

S(F) = %Re[E(F)X H*(F)]
S(F) = %[E(F)XH *(F)+E*(F)xH(F)]

For waveguides electric and magnetic fields are of the form,
E(x,y,2) = [REy (x.y)+ JE, (x ) + 2E,(x.y)|
F(x,y.2) = [XHy (x,y) + TH, (x,¥) + 2H, (x,y)| e/

The total energy flow (or power) in a waveguide is obtained by integrating the Poynting vector over
the cross-section of the waveguide,

P(z):jj§.2dxdy:%jj[é><l:/*+é*><I:I].2 dxdy:%ﬂ[l::t x Hy * +E; * xH;]. 2 dxdy

Assuming the medium to be dispersive, the energy per unit length of the waveguide is,

W(z)- HHG(‘;—) EE~+ L ofif } dxcly
1) 4

1

1 Tl * Y *
= H{Zgon(zng” —n)E.E +y HobH }dxdy

Here, ng” (a)) is the material group index, defined earlier as,

()= n(o)+ a)%

The superscript “M* is intended so as not to cause confusion with the group index of the optical mode.
The following relation can also be proven,

%jjgonz E.E * dxdy = %H,uolrl.lrl * dxdy

Therefore, the energy per unit length can be written as,
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W(z)= %ﬂ &oh ng” E.E* dxdy
The effective index ngs (w) of a mode is,

mm=§%ﬂm

The group velocity of a mode is,

B
vg(w) Jw
Vg is frequently expressed in terms of the group index of the mode,
C
Vgl o) =
g(@) ng(@)

where ng(w) is called the group index. One can prove the following relation between the power
P(z) and the energy per unit length W (z),

P(z)=v4W(z)
which can also be written as,

ng Wz Jléon ny E.E* dxdy

¢ P(z) [[RelE; xH,*| 2 dxdy

In the slab-waveguide approximation, assuming TE modes with the transverse component of the
electric field given by ¢(x, y), one obtains the following expressions for various quantities of interest,

1 MzEEs 1 M 1.2
W(z):5 [[eonng EE dxdy = - [[onng |¢ dxdy

1

P(Z) = %H[Et XHt *+Et * XHt] . 2 dXdyZ 2

L1142 dxdy
Who

[fn ng” |¢|2 dxdy
Ng Neff = 5
[1|¢| dxdy

7.2.7 Properties of Waveguide Modes and Orthogonality of Modes:

Frequently, solutions in various cases involve expansions in terms of all the waveguide modes. In
such cases, knowledge of the orthogonality of the modes is useful. The electric and the magnetic
fields for the m-th mode can be written as,

E™ = {E[n(x,}/)'i‘fEén(x,y) }eiﬂm(w)z
A = { A (x.y) + 2H (x,y) JePmo2

Some useful properties of the waveguides modes are listed below:

1) When the indices are real, the propagation vectors are also real, and the transverse field components
can be chosen to be real as well. Equations (1) and (2) show that in this case the z-components of the
fields are purely imaginary.

i1) When the indices are real, the complex conjugate of the electric field mode gives the field for the
mode propagating in the opposite (time-reversed) direction. For example, if,

EM = { EM(xy)+ZEF (x,y) }e’ﬁm (0)2
represents the field for the forward propagating mode then,

(E'm)’ - {Etm(x,y)— ZET(x,y) }e_’ﬁm(w)z
represents the field for the backward propagating mode.



Semiconductor Optoelectronics (Farhan Rana, Cornell University)

iii) When the indices are real, the negative of the complex conjugate of the magnetic field mode gives
the field for the mode propagating in the opposite (time-reversed) direction. For example, if,

H™ = FI["(x,y)+ ZHD (x,y) g/l
represents the field for the forward propagating mode then,

- (I:Im}' = {— I:Itm(x, y)+2HD(x,y) fe_'ﬂm ()2
represents the field for the backward propagating mode.

iv) Consider two different modes, “m*“ and “p“ with the same propagation vector but different
frequencies then the orthogonality between the mode fields is expressed as,

jjdxdynz(x,y)Em.(Ep =0 for m=p
] dxdy I:Im.(Flp)’:O for m=p

v) Consider two different modes, “m* and “p*“ with the same frequency but different propagation
vectors then the orthogonality between the mode fields is expressed as,

[] dxdy [E‘tm x(I:Itp)* J.2:0 for m=p

vi) The most general way of expanding a time harmonic field of a particular frequency inside a
waveguide is in terms of the waveguide modes,

Elxy.2)= S am| EM(xy)+ 2ED(x y) [ePn@2 o 3 b | EM(x,y)~ 3£0(x,y) e #m(@)2

Fx,y,2) = S am| A (x.y)+ 2HI(x y) [ePm(@2 L5 b LA (x y)+ 25D (x,y) fe Pm(@)2

7.2.8 Longitudinal vs Transverse Modes of a Waveguide:

Consider the model dispersion relations shown below for the first three modes of a waveguide. The
HE and EH modes are called the transverse modes of the waveguide since these modes describe the
field profile in dimensions X and y that are transverse to the direction of propagation.
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The field profile in the direction of propagation is described by the propagation vector S . The
dispersion for the lowest HEqy mode is plotted below in a slightly different way that also shows the
dispersion for negative values of the propagation vector (propagation in the —z-direction). Different
values of g correspond to different longitudinal modes of the waveguide.
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p

Periodic boundary conditions can be used to find the number of different longitudinal modes
corresponding to a transverse mode in an interval A® of frequency. The problem is identical to
finding the density of states for photons in one dimension. If the length of the waveguide is L then
there are L A3/2r different longitudinal modes in an interval Af3. Since Vg (a)) = Aw/ApB, there are

2 x (L/ Vg )Aa)/ 27 different longitudinal modes in an interval A® . The factor of 2 accounts for the

forward and backward propagating modes.

7.2 Perturbation Theory for Waveguides

7.2.7 Perturbation Theory for Waveguides:

Often one is interested in the change in the propagation vector of a mode that comes from a small
change in some parameter, such as the frequency or the refractive index of the medium. The change in
the propagation vector can be obtained from the complex electromagnetic variational theorem and the
result is,

Aj = Il [A(a)gonz)é.é * +A(ag,u0 JH.H *]dxdy

2 [JRelE; x Hy *|. 2 dxdy

For example, if the frequency is changed then using the above Equation one obtains the familiar
result,

A _Ng W) _ [leon ny E.E* dxdy
Ao 9 ¢ P(2) [[Re|E; xH; *|. z dxdy
If the refractive index is changed then one obtains,
| [an AnEE *]dxdy
I Re[E't x Hy *J. Z dxdy
In the slab waveguide approximation, assuming a TE mode and the transverse component of the
electric field given by ¢(X, y), one obtains the following expression for the change in the propagation

A =w

vector with the refractive index,
2
~ @ 1 JInan|g” dxdy
C Netrf|¢? dxay
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7.2.8 Mode Confinement Factors:
Consider the waveguide shown below. The refractive index of the core is n, and that of the cladding
is nq.

b ¢

n,— ny+ An,
cladding

cladding

Suppose the refractive index of the core changes by An,. The change in the propagation vector can

be found as follows,

) [an AnEE *J dxdy

if Re[E, x Hy *J. Z dxdy

Leon AnEE *]dxdy _ o(npan,) Hcocg[‘go ILE.E *]f:lxdy
[[Re|E; x Hy *|. 2 dxay

Af=w

_ w”core 0~
[[RelE; x Hy *|. 2 dxdy

M EEx*
ny ni | [iRe|E: xHy *[. 2 dxdy

M EE« Mz=,
nyAns Hcore'[b"o Ny Nyg E.I:j ]dxdy If [50 nng EE ]dxdy
Ny ”g/lg I |_go n ng/’ EE *dedy If Re[Et x Hy *J. Z dxdy

M EEs

=0
M MEFEx
Nog ) [Eo nng EE dedy c
n
=QF2 _I\?I An2
¢ n
29

Note that ’7% is the material group index of the waveguide core, and ng is the group index of the
waveguide mode. The overlap integral I'>, defined as,
I, = I Icorelgo no ng/’g ?E‘ *dedy
I leo n M E.E*|dxdy
represents the fraction of the mode energy density confined in the waveguide core. Iy is called the

transverse mode confinement factor for the waveguide core. The change in the propagation vector is,
as expected, proportional to Any and also to the fraction of the modal energy inside the core.

Suppose now the refractive index of the cladding also changes by Any then the total change in the
propagation vector can be written as a simple sum,
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@ n 1) n
AB==Ty|—L |Anj+ =T, | =2 | Any
Y nM nM
19 29
In the slab waveguide approximation, assuming a TE mode and the transverse component of the
electric field given by ¢(X, y), one obtains the following expression for the transverse mode
confinement factor for the core,

M| 42
_ ”core n2 n2g|¢| dxdy

M 1.2
[[nng |¢° dxdy
The waveguide perturbation theory can be used to calculate the change in the propagation vector in
the presence of material loss (or gain). Suppose the core of the waveguide becomes lossy and the
imaginary part of the core refractive index acquires a non-zero value given by,
. C ay

np —ny +1——

o 2

In this case, we can take the index perturbation An, to be,

I

ca
An2 = z22
2
The change in the waveguide propagation constant becomes,
1) n 1) n .Ca . Ng |« a, .a
Aﬂz—rz 9 An2:—F2 _9 I——2 =IF2 -9 2—Il—12—2=I—
Cc nM nM w 2 nM 2 2 2
2g 2g 29
where,
~ ng ~ ~
Op =| —— |2 a = FZ a9
nM
29

The propagation vector S acquires a small imaginary part because of optical loss in the waveguide

core. The imaginary part of the propagation vector will cause the wave energy to decay with distance
as it propagates in the waveguide.



