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 Department of Electrical and Computer Engineering, Cornell University 
 

ECE 5310: Quantum Optics 
 

Fall 2019 
 

Homework 8      Due on Nov. 04 at 5:00 PM (self-grade) 
 
 

 
Problem 8.1 (Single Photon Interference) 
Young’s double-slit experiment demonstrated the wave nature of photons. In the experiment, radiation 
from two slits was allowed to interfere on a photosensitive screen. The screen exhibited bright and dark 
fringes corresponding to whether the path difference from the slits to the observation point on the screen 
was an integral multiple of the wavelength or an odd multiple of half the wavelength.    

 
There was some controversy in the beginning as many people mistakenly thought that photons, being 
waves, interfere with each other and this mutual interference was the cause of the bright and dark fringes 
on the screen. Later, it was shown that even when a single photon is sent through the slits, and this single 
photon experiment is repeated many times, fringes emerge on the screen. This self-interference property 
of a photon was puzzling to many but consistent with quantum electrodynamics. In this problem you will 
analyze a single photon interference experiment that uses an interferometer instead of slits. Consider the 
interferometer shown below.  

 
The beam splitter relation for the first beam splitter is,  
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For the second beam splitter it is, 
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The average photocurrent from the detector placed right after the second beam splitter is measured as 
function of the path difference L  between the two arms of the interferometer. The path difference L  
corresponds to a time delay   of gvL . 

 

a) Find an expression for the operator ),(ˆ
5 tzb  for 2zz   and 1ztvz g   in terms of the input 

operators  tzb ,ˆ
1  and  tzb ,ˆ

2 .  
 
b) Assuming that vacuum is incident from the input port 2 of the first beam splitter, find the average of 
the photon flux operator at the output port 5 and show that the result is, 
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where the average above is taken with respect to the state going into the input port 1 of the first beam 
splitter.  
 
c) Suppose the input state is a single photon packet incident from input port 1 and described by, 

      




 00,'ˆ''0 1 zbzAdzt  

and is well localized in region 1zz  . We assume that the packet width D  in space is much much longer 

than the wavelength and so for all essential purposes   DzA 1
2  . Show that the average number of 

photons that are counted by the detector for a given path difference L  is, 

   Lo cos1
2

1
 

Thus, as the path difference is varied the detector in output port 5 will either detect a photon with a high 
probability (bright fringe) or it will never detect a photon with a high probability (dark fringe). In case of 
a dark fringe, the photon leaves the interferometer from output port 6. If the experiment is repeated many 
times, using only a single photon at a time, the average number of photon detected for a given path 
difference L  will follow the expression above indicating that even a single photon interferes with itself.  
 
 
Problem 8.2 (Standard Quantum Limit on Phase Measurement) 
Accurate phase measurements of light fields, or rather phase-change measurements, are important for 
many applications. In this problem you will analyze a gravitational-wave detection interferometer that is 
operated by CALTECH, MIT, NASA, JPL, and other institutions. The interferometer is shown below. A 
gravitational wave causes a phase-change in the light in only one arm of the interferometer. This phase-
change is detected and from this information the strength of the gravitational wave can be found. 
Needless to say, the expected phase-change produced by a gravitational wave (from, say, a supernova 
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explosion) is extremely small. The same technique can also be used in more practical applications. For 
example, the phase-change produced by a third order optical nonlinearity due to self-phase modulation 
can also be detected in exactly the same fashion.  

 
The beam splitter relation for the first beam splitter is,  
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For the second beam splitter it is, 
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We assume that all phase change happens in location pz  such that, 

       i
pp etzzbtzzb ,ˆ,ˆ

33  

a) Find  an expression for the current operator  tI5̂  in terms of the operators in input ports 1 and 2.   
 

b) Find an expression for the current operator  tI6̂  in terms of the operators in input ports 1 and 2.   
 

c) Find an expression for the current operator      tItItI 56
ˆˆˆ   in terms of the operators in input ports 1 

and 2. The answer should be, 
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Assume that a strong continuous wave coherent state (a laser beam for example) is coming in on input 

port 1 and vacuum is coming in on input port 2. We have,    ietzb ,ˆ
1 .  

 

d) Find the average current  tÎ  and show that its proportional to   when 1 .  

 
The ultimate sensitivity of the measurement for detecting very small values of   is set by the detector 

current noise when 0 . Suppose 0 . The current noise is entirely contributed by the term, 

            0,ˆ0,ˆ0,ˆ0,ˆˆ
1221 tvzbtvzbtvzbtvzbqvitI ggggg    

Interestingly, the shot noise from the coherent state input (laser) is completely cancelled in the balanced 
detection scheme. It is convenient to replace all instances of the operator  0,ˆ

1 tvzb g  by its average 

value    i
g etvzb  0,ˆ

1  in the expression for the current noise to get, 
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e) Suppose the integration time (or averaging time) for phase-change measurement is T . This means that 
the RF electrical bandwidth of the measurement is T 2 . Find the spectral density of the current 

noise, and integrate it over a bandwidth equal to T 2  to get the mean square current fluctuations,  
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f) The signal to noise ratio is defined as the ratio of the differential change in the average current due to a 
small change in phase to the root mean square current fluctuations, 
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Show that the SNR  is proportional to the square root of the total number of photons that are used in the 
measurement during the averaging time T . The lesson is that a stronger laser will yield a better 
measurement (thanks to the balanced detection scheme that gets rid of the laser shot noise). What is the 
minimum phase shift   that can be detected given a photon number budget?  
 
g) The sensitivity limit for phase-change measurements, as found in part (f) is not the ultimate limit and 
can be beaten. If you have a light source that can produce any quantum state of light how, would you use 
it to increase the sensitivity of the phase measurement and get a SNR  value better than that found in part 
(f) above.  
 
Problem 8.3 (Lorentz Force Law) 
Consider the complete Hamiltonian of a single free particle interacting with quantized electromagnetic 
field,  
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Assume Coulomb gauge in which   0,ˆ trAL


,    trAtrA T ,ˆ,ˆ 
 , and, 
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a) Prove the commutation relation for the components of the particle kinetic momentum,  
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b) Find the rate of change of the particle kinetic momentum, 
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starting from the Heisenberg equation.   
 
 
Problem 8.4 (Hong-Ou-Mandel Effect and the HOM Interferometer) 
Consider the example given in the lecture notes of photon bunching: 
 

 
 
The input-output relation for the beam splitter is given at all times by,  
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If two “identical photons” come in the two input channels (one photon in each channel), then the 
probability of finding one photon in each output channel is zero; either both the photons appear in the 
output channel 3 or both appear in the output channel 4. This is called the Hong-Ou-Mandel Effect. In this 
case, the probability of both the detectors registering a photon (coincidence probability) is zero. However, 
this coincidence probability is non-zero if the photons are not identical in any way. The HOM 
interferometer shown above is therefore a very good way to measure if two photons are identical or not, 
and is a useful tool to characterize single photon sources.  
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One way to realize non-identical photons is by assuming the following input state, 

         1 21 2
ˆ ˆ0 ' ' ',0 0 ' ' ',0 0t dz A z b z dz B z b z

 
 

 
     

The photon arriving in channel 1 has a “wavefunction” given by  A z  and the one arriving in channel 2 

has a wavefunction given by  B z  and these two are not assumed be to be the same.  

 
a) Find the probability that both the detectors register a photon in terms of the given information. 


