Lecture 9

Quantum Dynamics, Measurement, and State Collapse

In this lecture you will learn:

* Time evolution in quantum physics
 Measurement of observables in quantum physics
e Collapse of the quantum state post-measurement




Time Evolution of Quantum States

Schrodinger equation is: ®

i | (£) = Alv ()

A formal solution of the above equation (for time-independent Hamiltonian) is:
H

—i—t
w(t))=e " |p(t=0))
(The proof is by direct substitution)

The operator exponential (just like matrix exponentials in linear algebra) is to be
conceptually understood in terms of its Taylor series expansion:

~

H 2
—i—t
e & =1+[ ] ] ]
) !

The expansion above is not the best way to solve problems!




Time Evolution of Quantum States: Infinite Well Problem |
Consider an electron in an infinite potential well:

V=

We had solved the following eigenvalue equation: .
n=

[ w0 +V(x)]¢,.(x)=e,,¢n(x)

" 2m px?

= <X|F’|¢n> =Ep (X |¢n)
= I:I|¢n> = En |¢n>

Suppose: |y (t=0))=|g,)

Need to find: ‘y/(t»

We get:

LP LP _iEn¢
w(t)=e " |y(t=0))=e " [g)=e 7 |g,)




Time Evolution of Quantum States: Infinite Well Problem lI

Consider an electron in an infinite potential well
and now consider an arbitrary initial state: Vo

n=3

v (t=0))

Need to find:
v (1))

STEP 1: Express the initial state as a superposition
of the energy eigenstates:

v (t= °)>=§ c;|¢;)

This can be done for any initial state since the energy
eigenkets form a complete set:

w(t=0))=1|y(t=0)) (Z \¢,><¢J\J\'/I(t—0) <¢,\w(t—0)>\¢/>
=§ A {Ci =<¢i\¢”(t—°)> ’

J




Time Evolution of Quantum States: Infinite Well Problem lli

STEP 1: Express the initial state as a superposition

of the energy eigenstates: V=c0

n=3

\W(f=°)>=§ c;|¢;)

STEP 2: We then find the quantum state at any
later time t >0 as follows:




Time Evolution of Quantum States: Infinite Well Problem IV

A
3 A V=0

At
JA
o)H

X1 X3

Suppose the initial state is:

n=3

Write the initial state as:

‘V’(t=0)>=% ap |¢n)




Time Evolution of Quantum States: Infinite Well Problem V

V= | | V=0
Suppose the initial state is: n=3

1
— X1<X<X
w(x,t=0)=1Ja 2

0 otherwise

C

The state at any later time is:

The wavefunction at later time is:

J

v (x,t)=(x|y(t)) =§ c; e 1




Time Evolution of Quantum States: Wavepacket Example

Consider a particle in 1D in free space (potential is zero everywhere)

[
—>E<—

(x|w(t=0))=y(x,t=0) }%\ v (xt=0)P
x? x=0

174 _ X _p
1 402 ,70)(
= 2 e Xe
270y

The wavefunction at time t=0 is:

2

Op
_f P Ne— e
Or in momentum basis: /\ lw (p,t = 0)]

(plw(t=0))=y(p,t=0) p=p,

2
. ya _(P=Po)”
—ipx (9. o 4} { 2

= ofdxy/(x,t=0)e Op =

—| 2
o2

Statement of the Problem: Need to find the wavefunction y/(x,t) fort>0




Time Evolution of Quantum States: Wavepacket Problem

~2
Consider a particle in free-space: P

Momentum eigenstates are also energy
eigenstates

|P> |P>

‘—v—'E(p)

Suppose at time =0:

1
| fe——

(x|v(t=0))=y (x,t=0)=given |\ wixe=oy

i \
x=0
STEP 1: Express the initial state in the energy (momentum) eigenstates:

vit=0)=ily(e-0)-( ] 2

—OO

215) (ol (¢ =0))= T Py (pt-0) o

What is the quantum state at time t> 0 ??




Time Evolution of Quantum States: Wavepacket Problem

STEP 2: Find the state at later time as follows:
_iHy
w(t)=e " |y(t=0))

H,
_I_

o T Py (pt=0)lp)= [ Lu(pt=0)e *'|p)

E(p)
*© d
- Pu(pt=0)e # |p)

The wavefunction at later time is then:




Time Evolution of Quantum States: Wavepacket Problem

2
(P-po)” P, _;EP)

14 _ P
dp | 2z 403 e’ e
— | = | e
2z | o2 Jh

v(x,t)= [
2 2

\ Ivixe=op2
0

2
O = —
{ P 40',2(

Wavepacket group velocity
_ OE ( p) _ Po

P P=Po m

Vg

|
x=0




The Time Evolution Operator: A Unitary Operator

i | (£)) = Ay ()

~

w(e)=e " |p(t=0)

A H
—i—t ~ —i—t
The operator e " s the time evolution operator: U(t)=e 7

(1) =U(t)]y(t=0))

This operator is unitary and preserves the norm of the quantum state:

(w(t)|w(t)=(w(t=0)|UT()U(t)|y (t=0))
= (y (t=0)|1|y (t=0))
= (w (t=0)|w(t=0))




Energy Measurement Problem

~n

Suppose we know the Hamiltonian operator for a particle: H

And the quantum state at time t is: ‘y/(t)>

If we want to find out the a-priori probability of finding the particle at location x upon
making a measurement, the answer would be: ‘y/(x,t)‘

Million Dollar Question: Now if particle enerqgy is measured, what are the possible
results? And what are the a-priori probabilities of finding each result ??

Some comments:

1) Consider the infinite potential well problem. A
particle inside the well can only have energies E,, E,,
E,, ..... i.e. the energy eigenvalues of the Hamiltonian!

2) Therefore, the possible result of any energy
measurement will always be one of the eigenvalues
of the Hamiltonian




The Position Measurement Problem Revisited

Given a state‘y/(t», the a-priori probability of finding the particle location to be x
upon making a measurement is:

v (xt)f

How did we get the above result ???

Max Born’s Interpretation (Born Ansatz):

We took the state ‘W(t)> and we took the inner product,

w(x)={x|y(t))

And then we said that the a-priori probability of finding the particle at the location x
(i.e. at the location corresponding to the ket | x) ) is:

v () = |(x|w (1)




The Position Measurement Problem Revisited

Max Born’s Interpretation dissected:
e We are measuring position
e Position is an observable and is represented by the operator x

e Position operator has a complete set of eigenkets or eigenstates:

2= x| x") [ dx|x)(x|=1

e According to the Born interpretation, given a quantum state ‘ y/(t)> the a-priori
probability of measuring the particle position to be x’ is given by taking the eigenket
|x '> corresponding to the eigenvalue x’ and then computing:

w (x 1) =[x’ V/(t)>|2




Back to the Energy Measurement Problem

Question: Given a quantum state ‘ y/(t)>, if particle energy is measured, what are the
possible results? And what are the a-priori probabilities of finding each result ??

~n

Suppose we know the Hamiltonian operator for a particle: H

And its eigenstates and eigenvalues are: Fl|¢n> =E, |¢n> > ‘¢j><¢j‘ =1
J

A possible result of any energy measurement will always be one of the eigenvalues of
the Hamiltonian. The a-priori probability of finding an enerqy eigenvalue E: can be

computed as follows:

We take the state \y/(t)> and we compute the inner product:

(8n]w (1))

Then we take the squared magnitude of this inner product:
2
(| (1))
The a-priori probability of finding the particle energy to be E,, is then:

(a|w (6))




Energy Measurement Problem

Example:

~n

Suppose we know the Hamiltonian operator for a particle: H

And its eigenstates and eigenvalues are: l:l|¢n> =E, |¢n>

And suppose we expans the quantum state in terms of the energy eigenstates:

\V’(t)>=§ai\¢j>

If an energy measurement is made, then the probability of finding the particle with
energy E,, is:

(6w ()] = |an]?

If the particle is in an energy eigenstate, e.g. ‘l//(t)> = |¢m> , then upon measurement
the particle will be found to have the corresponding eigenvalue E,, as the energy with

probability one

I he above arguments go over to the measurement of all observables!




Observables and A-Priori Measurement Probabilities
Suppose at time t the quantum state is: ‘y/(t)>
Suppose at time t the observable O is measured

~n

The corresponding operator O has the following eigenvalues and eigenstates:

~n

O|vj)=12|v)) z vi)(vj|=1

Then:

1) The result of the measurement can only be one of the eigenvalues 4; of the
operator O

2) If a measurement of the observable O is made, then the a-priori probability of
finding the result 4, (i.e. one of the eigenvalues of the operator O ) is:

Valw ()

3) All the a-priori probabilities must add up to unity:
2
2 [(valw (6))f =1




Observables and A-Priori Measurement Probabilities: Mean Values

Suppose at time t the quantum state is: ‘y/(t)>

Suppose at time t the observable O is measured

~n

The corresponding operator O has the following eigenvalues and eigenstates:

o) vj>=ﬁj‘vj>

2) If a measurement of the observable O is made, then the a-priori probability of
finding the result 4, is: "
(Vi (1))
2

Mean value of the observable O 2 ‘<Vn "//(t)> An
(after many measurements) is: n
=3 An (v (1)|va)(valv (1)

:% <y/(t) o) V,-,><Vn"//(t)>

(O/6[ va)val v (0)

(w(t)|0|ly(t)) —— Important !!




Momentum Measurement Problem
Consider an electron in an infinite potential well:

4

V=
n=

The quantum state at time t is:

\V’(t)>=§°f\¢f>

If particle momentum is measured, what are the possible results? And what are the
a-priori probabilities of finding each result ??




Momentum Measurement Problem
V=«

\W(t)>=§cf\¢f>

X
The momentum operator f) has the following eigenstates and eigenvalues:
p|p")=p'|p")
Following the same rules, the probability of finding the momentum p upon making a
momentum measurement is:

(olw (1))

The mean value or the expectation value of the momentum will be:

Fo=1 2 rOlelelv) =152 trOlplRNRY ()
~{p(0)8[ T 2216} o1 ()~ (015 (0) - (v ()] v (1)




Momentum Measurement Problem
V=«

‘W(t)>=§cj‘¢j> n=3

(Pl (6)=2 ¢ <n\¢f>=§ c; 4;(P)

2

= |(plw (1)) =‘§ cj 4;(p) N

Probability of finding the momentum p upon
making a momentum measurement

Suppose: |y (t))=|dm)

Then: |<p‘y/(t)>|2 =|¢m (P) ‘2 The Fourier transform magnitude squared!!




Collapse of the Quantum State Upon Measurement
Suppose at time t = t; the quantum state is: V= f\/\ V=co

n=3 [---\--—--f---
\W(t=t1)>=§°‘i\¢f>

Suppose at time t = t, the energy of the particle is measured = '/\/.
n=1 1" T\

Suppose the result of this measurement was: E_,

x=0 x=L

Question: what is the quantum state immediately after the measurement?

v

The Copenhagen Interpretation:

The quantum state represents ALL that is there and is knowable about reality, and
therefore the quantum state immediately after the measurement must reflect this
knowledge gained (by a conscious observer) from the act of measurement

Therefore, immediately after the 1) The superposition in the quantum state has

measurement the quantum state | collapsed!!!

must be:
t=¢+)) = 2) The quantum state collapses into the eigenstate
vit=41])= |¢m>

of the operator corresponding to the measured
eigenvalue




Collapse of the Quantum State Upon Measurement

Suppose at time t = t, the quantum state is: V=eo {\/\ V=
w(t=t)) = ¢ 4)

Suppose at time t = t, the energy of the particle is measured 1= /\/

Suppose the result of this measurement was: E_,

v

x=0 x=L X
How to find the quantum state post-measurement?

1) Make a projection operator using the eigenstate corresponding to the eigenvalue

measured: 5 _ |¢m><¢m|

2) Apply the projection operator to the quantum state just before the measurement:

Prlv (t=11)) =10m) (v (t=t1)) = (gm |v (¢ = t1)) | 4m)

3) Normalize the resulting state:

<¢m "//(t > |¢m> This is the answer!
m> (up to an irrelevant overall phase factor)

\/‘ ¢m "/’ t= t1 >‘ The quantum state collapses into the eigenstate of the
operator corresponding to the measured eigenvalue




ollapse of the Quantum State Upon Measurement: General Treatmen

Suppose at time t = t; the quantum state is: ‘y/(t =1 )>

Suppose at time t = t, the observable O is measured

~n

The corresponding operator O has the following eigenvalues and eigenstates:

(0 Vj> = 2’] ‘VI>
Suppose the result of this measurement was: 4,

How to find the quantum state post-measurement?

We also throw in an added complexity: three eigenvectors of 6 have the same
eigenvalue A,

Eigenvectors are different but the
Olv.\= 1|y corresponding eigenvalues of the
~m > m | m > operator O are the same

o Am|Vn) _
Example: The elgenvectors| p> and |_p>
of the Hamiltonian for a free particle
have the same energy eigenvalue E(p)




Collapse of the Quantum State Upon Measurement: General Treatment

How to find the quantum state post-measurement?

1) Make a projection operator using all the eigenstates of 6 that have the
eigenvalue that is measured:

P, = |Vm><Vm|+|Vn><Vn|+‘Vp><Vp‘
2) Apply this projection operator to the quantum state just before the measurement:
Prly (t=11)) = ([Vim) (Vi [+ V) (V| + | Vi) (Vo | ) w (£ = 1))
= <vm ‘n//(t = t1)>|vm>+ <vn ‘y/(t = t1)>|vn>+ <vp ‘y/(t = t1)>‘vp>
3) Normalize the resulting state:

(Vim |y (¢ = 1)) Vim)+ (Vi |w (£ = 1)) [ Vi) + {vp |0 (£ = 11)) |V}

o (=) vl (=) + v (6= )

This is the answer!
(up to an irrelevant overall phase factor)

The quantum state collapses into the eigen-subspace of the operator corresponding
to the measured eigenvalue




