Lecture 7

A Math Primer for Quantum Physics

In this lecture you will learn:

* Vector spaces and Hilbert spaces
e Operators in Hilbert spaces
» Basis sets




Lessons from Electromagnetism: Basis and Representation

Consider an electric field vector:
z4 €, E =E&, +E &, +E,&,
| e ey
X y
>
x/

Now change the representation basis :

E=Eye,+E,e, +E,e,

= Erér + E¢é¢ + Eaéa

The same vector can be represented in
different ways using different unit vector
basis sets for its representation




Lessons from Electromagnetism: Physics in Basis-
Independent Representation

Gauss’ Law

Gauss’ Law

Faraday’s Law

. . 8eF
(4) VxH=J+ 62‘; Ampere’s Law

James Clerk Maxwell
(1831-1879)

It is better to do physics in a representation-independent way!!




The Quantum State

vector

A quantum state (of any particle or system) is represented by the state
w(t)) which is a vector in a Hilbert space




Vector Spaces and Hilbert Spaces

Vectors (or kets) of dimension N are said to form a Hilbert space H or belong to a
Hilbert space H if:

1) For any two vectors [v) e Hand [u) e H, [v) + [u) = |u) + |v) € H
2) [V)+0=0+[v)=]|v)
3) For any vector |v) € H, a|v) € H (a is any complex number)

4) For any two vectors |[Vv) e Hand |u) € H, a(|v) + |u)) = a|[v)+ a|u))

Examples of vectors (or kets): column vectors




Vector Spaces and Hilbert Spaces

Dual vectors (or bras) are defined as:

V] = - b

Vector (or ket) Dual vector (or bra)

a|v) a*(v|Ea*[a* b*]

Vector (or ket) Dual vector (or bra)

Dual vectors (or bras) also form a Hilbert space of their own!




Inner Product and Norm

An inner product is defined between a vector (ket) and a dual vector (bra) as follows:

Given two vectors |v) and |u) belonging to a H :

v) u)

The inner product between these two vectors is defined as:

(ulv)=((v]u)) |- [e* d*]m=c*a+d*b

Two different vectors are said to be orthogonal if there inner product is zero

The norm of a vector is defined as follows and is always non-negative and real:

W = wiv)fla b)) 5 |=[af+ 7




Operators

An operator (3 acting in a Hilbert space has the property that it takes a vector in the
Hilbert space to some other vector in the same Hilbert space

For a vector |v) € H, the action of the operator gives another vector |u) € H,

u)=6|v)

Example: Operators are represented by matrices in the Hilbert space of column vectors

lio  mel




Exterior Product
An exterior product between a vector (ket) and a dual vector (bra) is defined as follows:

Given two vectors |v) and |u):

v) ju)

The exterior product between these two vectors is an operator:

vl pler a1-\5e. oe]

To see why it is an operator, take a third vector |w) and act upon it with the exterior
product:

(Iv){ul)iw) = [v){u|w) = (u|w)|v)

T Another vector




Adjoint Operators

Adjoint Operator: Suppose 6 is an operator then the adjoint of 6, indicated as 61',
is defined by the equation:

*

(v|6]u) = ((u]6F|v))

Suppose we define a new vector |w) as:

w) = 6)u)

This implies:

*

(vw)=(v|6]u) = ((w|v)) = ((u|6T|v))

Therefore the dual vector corresponding to |[w) must obey:

W)= Olu) mmt (w| = (u] 61




Adjoint Operators

Which gives:

(w|=[-ib* a*]=[a* b*][_"i

1
0

|

(u]OT

This means that the adjoint operator is just the Hermitian conjugate matrix:




Self-Adjoint Operators or Hermitian Operators

An operator is called self-adjoint or Hermitian if it equals its adjoint:

~n ~n

o=0"

Example:




Eigenvalues and Eigenvectors of Operators
Suppose 6 is an operator then the eigenvectors and eigenvalues of this operator are
defined by the equation:
O|v)=4|v)
1

Eigenvalue
Eigenvector

An operator can have a large number of eigenvectors and eigenvalues:

~n

O|v;)=4|v))

J




Eigenvectors and Eigenvalues: Hermitian Operators

1) A Hermitian operator (or a self-adjoint matrix) has real eigenvalues:

Proof:
O|v)=2|v)
= (v|ot =47 (v
= (v|OT|v)=2"(v|v)

= (v 6|v>=/2*<v|v>

= A{v|vy=1 (v|v)
> A=A




Eigenvectors and Eigenvalues: Hermitian Operators

2) Different eigenvectors of a Hermitian operator are orthogonal

Proof:

Suppose: 6|V1>=ﬂ1‘v1> 6|v2>=,12‘v2>
6| v > = A4 ‘V > What we just showed is that
1 1 eigenvectors corresponding to

" _ different eigenvalues are
= <V2 Olv1) =4 <V2 ‘V1> orthogonal

*

= [<V1 6T|v2>) =ﬂ4<v2‘v1> What if 1, =4, ?

a \* .
<V1 O = 1 <V2 ‘ V1> In that case, it can be shown that

—
\

(

:\/72<V1 *=/71<V2‘V1>
3/7«2<V2‘V1>=/74<V2‘V1>
= (A2 = 4)(va|vy)=0

— If 4, # 4, then the
eigenvectors are orthogonal

J the two eigenvectors v, and v,

can be chosen to be orthogonal




Eigenvectors and Eigenvalues: Hermitian Operators

Example:




Unity Operator

A unity operator, indicated by 14, acting upon a vector gives back the same vector:

Example:

o R

Identity matrix

Complete Basis Set

A set of vectors are said to span a Hilbert space and form a complete basis set if any
arbitrary vector in the Hilbert space can be expressed as a linear combination (or as
a superposition) of the vectors in this basis set

)= 3 a;v;)

Jj=1

The smallest number of vectors needed in a complete basis set to span a Hilbert
space is called the dimension of the Hilbert space




Complete Basis Set

Example:

Consider the two-dimensional Hilbert space of column vectors and suppose:

Wl

You can convince yourself that any vector [

a
b

] can be written as:

[:]=a|v1>+b|v2>

Therefore, the dimensionality of the Hilbert space is 2




Orthonormal Basis Set

If all the vectors in a basis set are orthogonal to each other and are normalized to
unity, then they are said to constitute an orthonormal basis set

<vk ‘vj> = 5kj and _% ‘vj><vj ‘ —1= unity operator

Any arbitrary vector | u> can be expanded as a linear superposition of the vectors in
an orthonormal basis set:

|u> =2.QV; Alternatively, we can write:
J n
Multiply both sides by (v | : lu) =1|u)
(Vi|lu)=Za;{vi|v;)
J

— <Vk U>= Zal 5kj
J

= (v |u) =

= ay = (v |u)




Orthonormal Basis Set

Example:

Consider the two-dimensional Hilbert space of column vectors with the following
orthonormal complete basis set:

Wl




Eigenvectors and Eigenvalues: Hermitian Operators

Normalized (to unity) eigenvectors of any Hermitian operator form an orthonormal
complete basis set

Example:




Matrix Representation of an Operator

Consider an operator o belonging to some abstract Hilbert space

And suppose we have a complete basis set in that Hilbert space:

2 ‘vj><vj‘=ﬁ=unity operator
J

We can write the operator as:

. An operator is completely
" defined by these numbers

If two Hilbert spaces have the same dimensionality then one can be chosen to
represent the other




Matrix Representation of an Operator

Can we represent an operator, acting in some abstract Hilbert space of dimension N,

using NxN matrices and the Hilbert space of column vectors of size N? And, if so,
how?

Start from:

6=ié%={z_ ‘Vi><ViU

j
_ jzm<vj 6|vm> ‘vj><v

_ An operator is completely
~ defined by these numbers

Then make the mapping from the abstract In this chosen column vector Hilbert

Hilbert space to the Hilbert space of space, the operator is the following
column vectors: NxN matrix:

O(j-tym
. Ojma1)  Ojm  Ojmsr) - -
O(j+1)m




Operator Representation: Switching Basis

Consider the operator in the representation defined by the basis | V1> and |V2> :

|V1>—>L1,} |V2>—{ﬂ = 6=(,-) _0’}

The operator has the following eigenvalues and eigenvectors:

M=+1mp |91>=%U} o =-1mp |92>=%{ 1-}

Suppose we want to switch the representation to the basis |e;) and |e;)

A .
0=-101 % \ej><ej\]o(§ |em><em|j

\ J= m=1

5 (e;16]em) le;)(em| =41 [er)(es|+ 22 [ex)(es]

J>m

Therefore in the new representation:

ei=fa] o= f3] = o3 20

Operator is always diagonal in the representation of its eigenvectors!!




Commutation Relations

Operator multiplication (like matrix multiplication) generally depends on the order of
multiplication

The way to express this fact is using the commutator:

|AB|=AB-BA

Example:

RN Y




Commutating Operators and Common Set of Eigenvectors
If two operators commute then they both can have the same eigenvectors

Proof: . . A
Suppose: [A,B} =AB-BA=0

And suppose é has the eigenvectors given by: é Vj> = j,j ‘Vj>

Then we need to §how that

v ;) are also the eigenvectors of the
~ j
operator A, i.e. A‘Vj> =¥ vV

AB-BA=0
3 v->—é2\ v ->=0
341y >

= Adj|v;)=

A
A

= B(A /)\

A Vj> oC ‘Vj> and therefore ‘Vj> is also an eigenvector of A

oof is a bit more complicated if the operator B has a degenerate eigensubspace




Hilbert Space of Square Integrable Functions with Zero BC
This space contains all functions f(x), defined over a space interval L, that obey:

L
jdx‘f(x)‘2<oo and f(x)—>0 as x > 0,L
0

Inner product between two different vectors is defined as:

de 9" (x)F(x)

Vector norm is defined as:

:j;dx ‘f(x)‘2

The dimension of this Hilbert space is infinite!

Any linear differential operator would be an example of an operator acting in this
Hilbert space:

Example: g(x)= éf(x)= a(x)aax—22+b(x)aix+c(x) f(x)




Column Vector Representation of the Hilbert Space of Square

Integrable Functions
Suppose we divide the space of length L into N intervals of size A :

[TTTTTTTTTTIT I T T T T I TTTITTITTI T
0 A L

And we approximately represent every vector f(x) by its N values, f = flx
column vector in a N-dimensional Hilbert space:

f(x)




Column Vector Representation of the Hilbert Space of Square
Integrable Functions

[TTTTTTTTTTI T T T T T TTITITTITTITTTIT]
A L

If N is sufficiently large, one can
represent any function over the
interval 0 to L by these column
vectors or kets in a N-dimensional
Hilbert space

We will take the limit A—0, or
N—oo, in the end




Inner Product and Norm

IIIIIIIIIIIIIIIIIIIIAIIIIIIIIIIIII

0 L

Hilbert spaces require a well-defined inner-product

f(x) g(x)
@ Inner Product:

91| (g|f)=(g1fi+g2hy+
92

Note this

L
£ta-0 >z(j)dxg*(x)f(x)

Vector Norm:

I - I dx £*(x) f(x)

= [dx ‘f(x)‘ < o0




Complete Orthornormal Basis Set: Position Basis

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrnl
0 A L

Consider the position basis:

0
1
0




Complete Orthornormal Basis Set: Position Basis

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrnl
0 A L

<xj‘xj>=%[000 ...... (.




Complete Orthornormal Basis Set: Position Basis

IIIIIIIIIIIIIIIIIIIIAIIIIIIIIIIIII

L

Orthogonality:
Oki
-
(xe|x;) ==
Completeness:
N

" > A x;){x;] =1

,i=1 Check!

)
~—
I

-— )

M= IMZ

~.
I

[
‘™M=

-
I




Complete Orthornormal Basis Set: Position Basis

IIIIIIIIIIIIIIIIIIIIAIIIIIIIIIIIII

0 L

Now take the limit of A goes to 0 and N goes to ~ to get:

Ou;
Orthogonality: <xk‘xj>= al LtA=0 > <x'

A x)=6(x-x")

N ~ ~
Completeness: > A‘Xj><xj‘ _ 1 Lt A>0 > [dx |x> <x| _ 3
j=1

Inner product: <Xj ‘ f> =f; LtA—>0 (x|f)=F(x)

(Flx;)=f —52 (f|x)=F*(x)

Representation: |f) = i|f> = [jdx |x><x|}|f> = [dx | x)(x|f)=[dx f(x)|x)




Differential Operator

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrnl >
A X
0 L

Recall that an operator takes one vector into another vector in the same Hilbert space:

0 12A
124 0  1/2A
~192a 0  1/2A
—1/2A
1/2A
0 12A
—12a 0  1/2A

Action of the operator O Differential operator!!

viewed in the position basis




Hermitian Differential Operator

IIIIIIIIIIIIIIIIIIIIAIIIIIIIIIIIII

0 L

Recall that an operator takes one vector into another vector in the same Hilbert space

0  n/2iA
—1/2iA 0 1/2iA
—h/2iA 0 R/2iA
—h/2iA
1/2iA
~nj2iA 0 1/2iA
~n/2iA 0

Hermitian differential
operator!!




Hermitian Differential Operator

Definition of a Hermitian operator

(9]61f) = (17167 |g))

h of (x)

Show that this differential operator is Hermitian: (x| 6| f)=- p
i oOx

Proof:

(g161) <g|[§dx|x><x|]é|f> [ g () 22 ]7(x) ——+ ntegrate by pares

i Ox

L
—lj-dx ?8ga—)£x) f(x)

dx h@g (X) f(x)

*

j
ﬁdxf () ——]g(x)} - (1716"19))




Another Complete Orthornormal Basis Set: Plane Wave Basis

EEEEEEEEEEEEREEEEEEEEEEEEEEERERE
0 A L




Another Complete Orthornormal Basis Set: Plane Wave Basis

EEEEEEEEEEEEEEEEEEEEEEEEEEEERERE
0 A L

e
ik2X2 eik3X2

-eik2X1 ] ik3X1 ]

e

eik2X3 eik3X3

<kn | km> = Lopm <Xm | kn> = eKnXm

N different k values are possible => N different basis
vectors




Another Complete Orthornormal Basis Set: Plane Wave Basis

IIIIIIIIIIIIIIIIIIIIAIIIIIIIIIIIII

0 L
A0, (k'|k)=275(k-k')

Lt A0 -
> — k){k|=1
1 G lk) (k]

Lt A—>0 ; <X|k> _ eikx

Representation:

1)=410)=( T ge o] )= T o 1k)(kir) = T o (il

= (x|f)= { 5 #(K)(x]K)

° dk ikx

= f(x)= ] 27 f(k)e ———  Fourier Transform!!




Plane Wave Basis Completeness Relation: Proof

Lt A—>0




Operator Representations

The action of operators look very different in different basis!

Consider this operator (discussed earlier):

Eaf(x)
i oOx

(x|6]f) =

We need to find how the action of the operator appears in the plane wave basis:

00 ~ oo : of
I dx <k|X><X| O|f> = I dx e_'kx?aLXX) —— Integrate by parts

= ik f(k)=hk (k|f)



How to Think About Things When Doing Quantum Physics

A

Consider a function f(x):

Consider Fourier Transform of f(x):

o _ikx ., SIN(kW/2)
f(k)__{odxe F(x)=W kW2

The way you should think about this is to consider fa vector in a Hilbert space:

)
The vector |f> is the real deal. Everything else is a representation of |f> in different
basis:
f(k)=(k|f)

F(x)= (x|f)




Delta Functions in 1D and 3D

A delta function in 1D has the following property:

idx f(x)5(x—x,)=F(x,)

Integration of plane waves over all space (in 1D):

Integration of a plane waves over all space (in 3D):

(a3 & KK _ (27)2 43 (k-k)



