Lecture 25

Many Particle States and Wavefunctions, Identical Particles,
Spin-Statistics Theorem, and Pauli’s Exclusion Principle

And another
Look a identical
In this lecture you will learn: particle! particle!

* Writing quantum states of many particle ‘
systems

» Spin-statistics theorem

* Fermions and Pauli’s exclusion principle

The horizon
of perception




Two Distinguishable Spinless Particles
Consider two distinguishable particles:

o FB Particle B
Particle A TA @ ¢

Let the quantum state of the system be

v)=75[100a®2)5+|0), ©10)]

The wavefunction is obtained by projecting the quantum state onto the position basis
of the joint Hilbert space:

Fasta) = |Fa) Py " (0% [0Fs [P, (P | =
This implies that the wavefunction of the system of particles is:

1 _ _

(FasTg W) =w (Fasig) = —2[¢(fA)Z(fB)+ o

—_




Two Distinguishable Spinless Particles

- FB Particle B
Particle A /A ® ¢

The wavefunction of the system of particles is:

(FasTg|w) = v (FasTg) = \/—[(15 Fa)x )+w(rA)¢(FB)]

Probability P (Fy,rg)of finding particle A at F4 and particle B at rgis:

P(Fars) = | (FasTs)|”

Probability P(FA) of finding particle A at FA (irrespective of where particle B might be):

P(7a) = [ d%F5 P (FasTs) = [ 07 |v (FarT )




Many Particle Systems: Distinguishable Spinless Particles

Consider a system of N distinguishable spinless particles:

[ JPS Coordinates:
® o
® ®
®
Let the quantum state of the system be: |l//>

The wavefunction is obtained by projecting the quantum state onto the position basis
of the joint Hilbert space:

|FA’FB’FC’ ...... >=|FA>A®|FB>B®|FC>C®

This implies that the wavefunction of the system of particles is:

(Fa,Tg, e,




Two Indistinguishable (Identical) Particles

Consider now two indistinguishable (identical) particles:

B} o'B
rA‘

Let the quantum state of the system be |l//>

Fundamental question: are
these really two separate
particles or just different
manifestations of a single
reality?

And another
Look a identical
particle!

™ -

The horizon
of perception

Need to be careful
how we think about
indistinguishable
particles!

They could all be
parts of the same one
big monster!

Need information
about the particles’
spins too!




Particles with Spin: What’s so Odd About Them?

Consider a particle with spin “s” and spin angular momentum operator S :

0

Let its full quantum state be: |l//>

Amax =

—

If we rotate the particle wrt to the spin axis, by angle ¢, the quantum state becomes:

S—]

The proof of this

course

—

V) —— ¢§$ —— e ’|y)  Jisnotin this

If we rotate by 4x, the state must come back to the original state (Why 4x? Why not 27?):

e |y) =1w)

— e—lS4ﬂ' =1

Spin “s” can only be
integer, or half-integer !!




Particles with Spin 1/2: Hilbert Space

Consider the quantum state of an electron — a particle with spin 1/2:

" f

The Hilbert space is spanned by states of the form:
Felzt)  |F)e|zi)

Or, with some abuse of notation:

Bz 17z d)

Completeness relation:

jd3F[ F,z ) (F,z 1|+ [d%F|F,z ) (F,z H] =1



Particles with Spin 1/2: Hilbert Space

Consider the quantum state: |g) =|f) |: ‘z >+ ,B‘ z >:|

What is the probability of the particle being at location ¥ with spin-up?

(e )] =|7.2 1)
|7 17) (2 @]z 1)+ 8|2 4]

= f(F)a‘

What is the probability of the particle being at location r with spin-down?

\(<z¢\®<f|)|¢>\2 _|(F.z 4|9
= | (F)

What is the probability of the particle being at location r (irrespective of the spin)?




Particles with Spin 1/2: Two-Component Wavefunctions
"
Consider the quantum state: |¢> — |f> ® [a‘z T> + ,B‘Z iﬂ

What if one writes:  (F |g¢)

The above expression is meaningless by the strict rules we have established because
one is taking an inner product between two different Hilbert spaces (one of particle
with spin, and one of particle without spin)

However, it is often interpreted to mean the following:

<F|¢>=¢(F)=<F|f>|:a‘z T>+ﬂ‘z ¢>:|=f(F)|:a‘z T>+ﬂ‘z ¢>:|

In column vector representation for spin:

af ( f)} Two-component

$(F)=f(F) |z 1)+ 8|z )|= f(F)[am + ,Bﬁﬂ = {ﬂ ()|  Wwavefunction of

the particle

Probability of the electron at location r (irrespective of the spin):

¢ (F)o(7)=[oF (F) £ (7)[laf +157]




Particles with Spin 1/2 : Unentangled Spin-Space States

Consider the quantum state of an electron — a particle with spin 1/2:

" f

The quantum states, including the spin degree of freedom, can be of the form:

Two

9)=f)®|z T> . examples!
- >:| /

_a‘z T>+,B‘z¢

The two-component wavefunction for the state is:

<>< )=(F|f) a|z 1)+ B|z )]
f(7) a2 1)+ B[z 4)]

¢
21
128




Particles with Spin 1/2 : Entangled Spin-Space States

Consider the quantum state of an electron — a particle with spin 1/2:
g
Consider the state:

The spin-up component
has the spatial part |f>

|¢>=|f>®‘ZT>+|Q>®‘Z‘L> and the spin-down

component has the
spatial part |g)

The two-component wavefunction for the state is:

Switch the spin basis
representation to column
vectors




Particles with Spin 1 and Three-Component Wavefunctions
Consider the quantum state of a meson with spin 1:

" f

There are now three spin states in the Hilbert space: ‘z T> |z 0> ‘z ~L>

They are all eigenstates of the z-component of the spin angular momentum:
z T> = +h‘z T>
=0[zT) =0

z¢>=—h‘z ¢>

The complete quantum states, including the spin degree of freedom, are of the form:

9)=|)®|z 1) ;e

/ examples!
@) =|F) [ ‘z >+,8|zO +;/‘z ﬂ

The three-component wavefunction for the last state above is:

<F‘¢>=¢(F)=<F‘f>[a‘zT>+ﬂ\zO>+y‘z¢>J=f(?) +




Two Indistinguishable Particles with Spin: Quantum State Symmetry

Consider two indistinguishable particles (with spin now):

No special
)= |¢>A ®|Z>B symmetry (in
1 1 labels A and B)

1) The quantum state is,

Spin is
included

Spin is
included

vy =5 [9)a®l2)a+12)4®19)s]

2) The quantum state is,

Spin is
included

Spin is
included

V)= [14)4®12)s -1 204 ©1¢)s]

3) The quantum state is,

Spin is
included

Spin is
included

Symmetric
state (in labels
A and B)

Antisymmetric
state in labels
A and B

Example, for two spin-half electron, the states |¢> and |;(> above could be:

|75>A =|g>A®‘Z\L>A
|Z>B =|g>3®‘z‘l’>3

|¢>A =|f>A®‘ZT>A
|¢>B =|f>B®‘ZT>B

Are all three
types of states
possible ?




The Spin-Statistics Theorem

The spin-statistics theorem states that:

e The quantum state of a system of identical
integer spin particles is symmetric under the
exchange of any two particles. Particles with a
symmetric state under such an exchange are
called Bosons.

e The quantum state of a system of identical
half-integer spin particles is antisymmetric
under the exchange of any two particles. Markus Fierz Wolfgang Ernst Pauli
Particles with an antisymmetric state under 1912-2006 :\lioboe-:gfii e 1945
such an exchange are called Fermions.

- 7 Integer spin Symmetric
_|¢>A ®|Z>B +|Z>A ®|¢>B_ Bosons :> state

i 7 Half-int Antisymmetric
-| ¢>A ® | Z>B _|Z>A ® | ¢>B- s;in I:e(:r?\?;ns I:> state




The Spin-Statistics Theorem Explained

Usually the rule of thumb in sciences is:
“The more general the result, the easier the proof”
Or in Richard Feynman’s words:

“Simple results have simple explanations”

But thus far, an elementary explanation/proof for the spin-statistics theorem cannot be
given despite the fact that the theorem is so general and so simple to state

In the Feynman Lectures on Physics, Richard Feynman said that this probably means
that “we do not have a complete understanding of the fundamental principle involved”

Spin-statistics theorem can be shown to hold using relativistic quantum field theory




Fermion States and Pauli’s Exclusion Principle: An Example
A system of two indistinguishable Fermions with spin 1/2:
; &7 Coordinates: Iy,F5

Suppose: |V/> = %[|¢> ®|Z>B —|Z>A ®|¢>B:|

Case 1: )

=[¥) = [19)4 ®|2)g -1 2)4 81¢)5
10490 -10)4l ) ]®[|2 1), |2 1), ]

| J \ )
I !

Spatial part antisymmetric  Spin part symmetric
in labels A and B in labels A and B

The wavefunction is:
(FA,FB|y/>=y/(FA,FB)=%[f(FA)g(FB)—g(FA)f(FB)]DzT>A‘2T>B}
Note: =y (Fa=Fg=T) \/_[f F)-g(F)f(F)][|21),|2 1) |=0

The probability of finding two Fermions with the same spin at the same location is 0

e ——————————————————————————




Fermion States and Pauli’s Exclusion Principle
A system of two indistinguishable Fermions with spin 1/2:

; _@" Coordinates: I'y,Ig

suppose: [y) = —=1),@| 2)g | )4 ®|#)s ] [#)a=1F)a®lz 1),
Case 2: 1 B |¢>B =|f>B®‘ZT>B
= |y)= TU >A®|Z>B_|Z>A®|¢>B] |;(>A=|f>A®‘Z~L>A
1 2)g =1f)g®|z 4
=[|f>A|f>B]®$|:‘ZT>A‘Z¢>B_‘Z¢>A‘zT>B] P ; ‘ >B
Spatial part' symmetric Spin part a'ntisymmetric

The wavefunction is:

= (FarFa|y) = )=[#(a)f ()] T3 |2 1) al 2 V)g =12 4),]2 1)
Note: = V’(FA =1rg = F) = [f(F)f(F)]%UZ T>A‘Z ‘L>B —‘z ¢>A‘z T>B}

The probability of finding two Fermions with different spins at the same location is
not 0




Pauli’s Exclusion Principle
Consider the following CSCO for fermions: ;

> of

The formal statement of the Pauli’s Exclusion Principle, which follows from the
anti-symmetry of the Fermion quantum state, can be stated as follows:

No quantum state of two or more Fermions can exist in which two or more Fermions
have the same eigenvalues for all the CSCO operators

In more simpler words:

No two Fermions can have the same values for all the observables

Proof: consider the antisymmetric state of two fermions:
1
v)= 5[40l 2)5~12)a®19)s]

If the two fermions have the same eigenvalues for all the CSCO operators then this can
anly happen iff |¢)=|z) but then |w) = 0 and the quantum states does not exist




Singlet and Triplet States of Spin 1/2 Particles
A system of two indistinguishable Fermions:
; _@~ Coordinates: I'y,I'g

1) Consider the following three states in which the spin part of the state is
symmetric in labels A and B:

®‘ZT>A‘ZT>

®le Dalzd)+z4),|z T>B} - Triplet states

J2
®‘ZJ«>A‘Z\L>

B

B

2) Consider the following single state in which the spin part of the state is
anti-symmetric in labels A and B:

|W>=%[|f>A|g>B+|g>A|f>B]®%|:‘ZT>A‘z¢>3_‘z¢>A‘zT>Bi|
)= 10ala® 5[l 1) 42 g =12 )12 1), ]




Three Distinguishable Particles of Spin Zero (Spinless Particles)

Consider a system of 3 distinguishable particles:

o Coordinates: rp,r'g,Ic
®
®

Let the quantum state of the system be |y/>

Suppose:
|V’>=|¢>A|Z>B|“’>c

This implies that the wavefunction of the system of particles is:

<FA!FB’FC |W> = W(FAsFBsFC) = ¢(FA)Z(FB)w(FC)




Three Distinguishable Particles of Spin 1/2

Consider a system of 3 distinguishable Fermions:

positron
ha : L= -
electron Coordinates: ru,rg, e

& neutrino

Let the quantum state of the system be |y/>

Suppose:

|V’>=|¢>A|Z>B|w>c

I AN

Spin is Spin is Spin is
included included included

Note that the state need not be symmetric or anti-symmetric!




Example: Three Indistinguishable Bosons

Consider a system of 3 indistinguishable Bosons:

; v Coordinates: rp,rg,Ic

Let the quantum state of the system be |y/>

Suppose:

under the exchange

+|w>A|¢>B|Z>c +|Z>A |¢>B|a’>c +|Z>A |w>3|¢>c of any two particles

[|¢>A 2)gl@)c+|0) 4@ X)c+ @)l X)5|9)c Full symmetric state
1 (i.e. any two labels)

|W>=ﬁ

Total of 3! terms Spinis Spinis  Spinis
included included included

A good way to write fully symmetric quantum states is using Slater permanents:

16)s 18)g 18)c
Da |2)g 1)

| c
@) lo)g lo) ]




Example: Three Indistinguishable Bosons, All in the Same State!

Consider a system of 3 indistinguishable Bosons:

; v Coordinates: rp,rg,Ic

Let the quantum state of the system be |y/>

Suppose: _
Full symmetric state under the exchange of any

|y/> — |Z>A |Z>B |Z>C two particles (i.e. any tyvo labels)
1 But here all three particles have the same exact
state!

Spin is Spin is Spin is
included included included

In a Bose-Einstein condensate, all bosons are in the same state!




Example: Three Indistinguishable Fermions

Consider a system of 3 indistinguishable Fermions:

; v Coordinates: rp,rg,Ic

Let the quantum state of the system be |y/>

Suppose:
Full antisymmetric

_ i[|¢>A |Z>B | a’>c _|¢>A | a’>3 |Z>c —|(0>A |Z>B |¢>c state under the

W =

V)= 51| +10)4 )5 ) - | 214l 9)p )+ 2)a|)g ¢) ) xchange ofany two
particles (i.e. any

Total of 3! terms

I 1 two labels)

Spin is Spin is Spin is
included included included

A good way to write fully antisymmetric quantum states is using Slater determinants:

16)s 18)g 18)c
12 1208 |2)c
@) @) |@)¢




Fermion States and Pauli’s Exclusion Principle and Entanglement
Consider a system of three indistinguishable Fermions:

& _ .
& Coordinates: rp,rg,rc

Let the quantum state of the system be |y/>
Suppose:

— i state under the

exchange of any two

)41 208l @) —18) Al @5 X)e =1 @) 4l X)g|8)c } Full antisymmetric
1 particles

vi= @[+|W>A|¢>B|Z>c‘|Z>A|¢>B|“’>c+|Z>A|“’>B|¢>c

Total of 3! terms
Spinis  Spinis Spin is
included included included

Suppose | ) = |w) (i.e. two of the three particles have the exact same quantum state)

) = 1 [|¢>A|Z>B|Z>C_|¢>A|Z>B|Z>C_|Z>A|Z>B|¢>C }=0

B 200081 e~ 12041081 2)e + | 2) 4l 2)514)

The quantum state does not exist!

For the quantum state to exist, all Fermions must have different quantum states in|w>
n other words, no two Fermions can have the same quantum state in |y/>




Electron Filling and Pauli’s Exclusion Principle

Fill the quantum well energy eigenstates with five electrons such that
the system has the lowest possible total energy!




Electron Filling and Pauli’s Exclusion Principle

No two electrons can
have the exact same
quantum state!!

No two electrons can
have the exact same
quantum state!!







