
Two different questions, two different probability calculations:

Consider an experiment in which a person with two eyes (L=left and R=right) detects
an object O. Let pL = probability of detection by left eye and pR = probability of detection
by right eye. More formally, the conditional probabilities of dectection by left or right eye
given an object are p(L|O) = pL and p(R|O) = pR.

Question: what is the probability of detection by either left or right eye, i.e., the union
of the two events, p(L∪R|O)? Since they have non-zero intersection, the formula given in
class for this case was

p(L ∪R) = p(L) + p(R)− p(L ∩R) = pL + pR − pL pR

= 1− (1− pL)(1− pR).

(The last form has the interpretation of 1 minus the probability of non-detection by either
eye, p(L∪R) = 1− p(L ∪R) = 1− p(L∩R) = 1− p(L) p(R) where p(L) is the probability
of “not L” , equal to 1− pL, and similarly for R.)

The probabilities we combined via the “naive Bayes’ rule” were in answer to a different
question, the probability of some binary condition C given two binary features A and B,
i.e. p(C|A ∩B), when we know only the conditional probabilities p(C|A) and p(C|B).

The case above implicitly assumes that if an eye detects something, there is a certainty
that there is an object O, p(O|L) = p(O|R) = 1. But we can relax that assumption
and give some finite probability for an errant detection (false positive), say p(O|L) =
p(O|R) = .8, assigning a 20% false positive rate for either left or right eye. Then we
can suppose that something is detected simultaneously by both eyes and ask what is the
probability P (O|L ∩R) that there was really an object? As argued in class, this problem
is underspecified but by making certain reasonable assumptions, the two 80% probabilities
can be combined by the “naive Bayes’ rule” to infer

p(O|L) p(O|R)
p(O|L) p(O|R) +

(
1− p(O|L)

) (
1− p(O|R)

) ≈ .94

So in one case we compute p(L∪R|O) from p(L|O) and p(R|O) , a simple combination,
and in the second case we compute the probability p(O|L ∩ R) from p(O|L) and p(O|R),
a more difficult combination.

An alternate way to see that the first case is indeed fully specified is to write

L R

0 0 p0

0 1 p1

1 0 p2

1 1 p3

Then the implicit assumption that detections by the two eyes are statistically independent
results in the factorized probabilities p0 = (1 − pL)(1 − pR), p1 = (1 − pL)pR, p2 =
pL(1 − pR), and p3 = pL pR. (Note that

∑3
i=0 pi = 1.) The probability of detection is

p1 + p2 + p3 = pL + pR − pL pR, as above.


